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1 Introduction

In the present paper, we construct an injective isomorphism ρ′ from the projective Hilbert modular group
into the integral orthogonal group PO(A, Z) for a real Hermitian matrix A of signature (2, 2). For the
precise statement we use the following notation.

K : a real quadratic field with the discriminant d,
h(K) : the class number of K,
ε : the fundamental unit of K with ε > 1,
O : the ring of integers in K,
{w1, w2} : a basis of O,
U = [ 0 1

1 0 ],
W =

[
w1 w1
w2 w2

]
, where − denotes the automorphism of K with

√
d = −

√
d,

A = U ⊕ (−WU tW ),
PO(A, R) = {P ∈ PGL(4, R) | tPAP = A},
PO(A, R)0 : the connected component of the identity element in PO(A, R),
PO(A, Z) = PGL(4, Z) ∩ PO(A, R),
PO(A, Z)0 = PGL(4, Z) ∩ PO(A, R)0,
H(H−): the upper half plane (the lower half plane, resp.).
D(A) = {η ∈ P 3(C) | ηA tη = 0, ηA tη > 0},
D(A)0 = {η = [η0, · · · , η3] ∈ P 3(C) | ηA tη = 0, ηA tη > 0, η−1

1 (η2, η3)W ∈ H × H−}.

We define an action of the Hilbert modular group PSL(2,O) on H×H−. And we construct a natural
biholomorphic isomorphism ι′ : H×H− → D(A)0. It becomes a modular isomorphism in a certain sense.
So we obtain a required isomorphism ρ′ between two modular groups. In other words, with ρ′ defining an
action of PSL(2, O) on D(A)0, ι′ becomes a PSL(2, O)-equivariant map. That is our first main theorem
(Theorem 3.2).

To speak exactly, we have the following diagram:

PSL(2,O) ρ′(PSL(2,O))-

-
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PO(A, Z)0

ρ′

ρ′

Γ
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,where Γ is an extension of PSL(2,O) defined in Theorem 3.2. In other words, we have

H × H−/Γ ∼= D(A)0/PO(A, Z)0.

Moreover we obtain the following: If h(K) = 1 and NK/Q = −1 , then we have

Γ = PSL(2,O).

And if h(K) = 1 and NK/Q = 1 , then we have

[Γ : PSL(2,O)] = 2.

These results are stated in Theorem 3.3.
As a biproduct of our study, we obtain a condition for PSL(2,O) to have a modular embedding into

the paramodular symplectic group Sp(4, Z, D), where D =
[

d1 0
0 d2

]
(d1|d2) indicates a fixed polarization.

The result is stated in Theorem 5.1.
Also we obtained an explicit system of generators of PO(A, Z) for d = 5, 8. It is stated as Proposi-

tion 4.5.

Our present study comes from the following background.
For the case d = 8, D(A) becomes the space of moduli of a family F of K3 surfaces with the

transcendental lattice A for a generic member. The member of F has a representation

S(λ, µ) : xyz(x + y + z + 1) + λxy + µ = 0,

with 2 parameters λ, µ ∈ P 1(C). The situation is almost the same for the case d = 5 (see Narumiya [6] ).
So it is interesting to study the period map, the period differential equation and the modular map that
is obtained as the inverse of the period map. The study in this direction will be published elsewhere.

Our work is greatly owing to Narumiya for his suggestion made years ago while he was working under
Hironori Shiga that there must be an injective isomorphism described here. The author owes great thanks
to Professor Shiga for giving the opportunity to work on this conjecture.

2 A Symmetric Bounded Domain of Type IV

Let A be a real Hermitian matrix with signature (2, n). A represents a bilinear form ζAtη for ζ =
[ζ0, ζ1, .., ζn+1], η = [η0, η1, .., ηn+1] ∈ Pn+1(C).

Definition 2.1. For such matrix A the subspace of Pn+1(C) consisting of the points η = [η0, η1, .., ηn+1] ∈
Pn+1(C) which satisfy the quadratic relations

ηAtη = 0,

ηAtη > 0,
(2.1)

is called a n dimensional symmetric bounded domain of type IV associated to A and denoted by Dn(A).

Note that these relations are well defined on Pn+1(C). Henceforth we only deal with the case n = 2
where A is a real Hermitian matrix with signature (2,2) and abuse the notation D2(A) by D(A). We also
use the notation O(A, R) = {P ∈ GL(4, R)|tPAP = A} (PO(A, R) = O(A, R)/{±I4}) and call it the
orthogonal group (the projective orthogonal group resp.) associated to A. PO(A, R) is a subgroup of the
projective transformation group on P3(C) and stabilizes the relations (2.1). So it becomes the projective
transfomation group on D(A).
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Let G denote the group consisting of all the general linear transformations which preserve the indefinite
quadratic form

x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 · · · − x2

p+q (p > 0, q > 0, p + q = n).

Let Ep,q = Ip ⊕−Iq. Then G = {P ∈ GL(n, R) | tPEp,qP = Ep,q}. Here we review the basic facts about
the group G. We have Fact 2.1 through 2.7 as known (Yamauchi-Sugiura [11],p.145 Problem 4).

Fact 2.1. Let g be the Lie ring of G. Then

g = {X ∈ M(n, R) | tXEp,q + Ep,qX = 0}.

Fact 2.2. G is self conjugate,i.e., if P ∈ G, then tP ∈ G.

Fact 2.3. For a real symmetric matrix X(tX = X) if exp(X) ∈ G, then X ∈ g. In particular for any
real number s, exp(sX) ∈ G.

We denote by O(n, R) the n dimensional real orthogonal group.

Fact 2.4. Any matrix M ∈ GL(n, R) can be wriitten uniquely as M = US where U ∈ O(n, R) and S is
a positive definite real symmetric matrix. This is called the polar representation of M.

Fact 2.5. For any P ∈ G, let P = US be its polar representation. Then U ∈ G and S ∈ G.

Fact 2.6. We have G ∩O(n, R) = O(p, R)⊕O(q, R). In other words any P ∈ G ∩O(n, R) can be written
as

P = P1 ⊕ P2 where P1 ∈ O(p, R), P2 ∈ O(q, R).

Conversely any element of G in this form is an element of G ∩ O(n).

Fact 2.7. G is decomposed into four connected components, G0,G1,G2,G3, where

Ip+q ∈ G0, Ip ⊕ Eq−1,1 ∈ G1, Ep−1,1 ⊕ Iq ∈ G2, Ep−1,1 ⊕ Eq−1,1 ∈ G3.

From now on we only consider the case n = 4, p = 2, q = 2.
Take an element P of G and let P = US be the polar representation . From Fact 2.1 and 2.3, we have

S = exp
([

0 S1
tS1 0

])
with S1 ∈ M(2, R).

This and Fact 2.6 give a system of genarators for G.

Proposition 2.1. We have a system of generators for G with a parameter α ∈ R :

G1 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 , G2 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 ,

G3(α) =


cos α − sin α 0 0
sinα cos α 0 0

0 0 1 0
0 0 0 1

 , G4(α) =


1 0 0 0
0 1 0 0
0 0 cos α − sin α
0 0 sin α cos α

 ,

G5(α) = exp




0 0 α 0
0 0 0 0
α 0 0 0
0 0 0 0


 =


cosh α 0 sinh α 0

0 1 0 0
sinhα 0 cosh α 0

0 0 0 1

 ,
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G6(α) = exp




0 0 0 α
0 0 0 0
0 0 0 0
α 0 0 0


 =


1 0 0 0
0 cosh α 0 sinh α
0 0 1 0
0 sinh α 0 cosh α

 ,

G7(α) = exp




0 0 0 0
0 0 α 0
0 α 0 0
0 0 0 0


 =


cosh α 0 0 sinh α

0 1 0 0
0 0 1 0

sinhα 0 0 cosh α

 ,

G8(α) = exp




0 0 0 0
0 0 0 α
0 0 0 0
0 α 0 0


 =


1 0 0 0
0 cosh α sinhα 0
0 sinh α cosh α 0
0 0 0 1

 .

Since U ⊕−U is of signature (2, 2) , O(U ⊕−U, R) is isomophic to G. From Proposition 2.1 ,
we obtain

Corollary 2.1. We have a system of generators for PO(U ⊕−U, R) with a parameter α ∈ R :

H1 = I2 ⊕ U, H2 = U ⊕ I2,

H3(α) =


cos2 α − sin2 α cos α sinα − cos α sin α
− sin2 α cos2 α cos α sinα − cos α sin α

− cos α sinα − cos α sinα cos2 α sin2 α
cos α sinα cos α sinα sin2 α cos2 α

 ,

H4(α) =


cos2 α sin2 α − cos α sinα − cos α sin α
sin2 α cos2 α cos α sinα cos α sinα

cos α sin α − cos α sinα cos2 α − sin2 α
cos α sin α − cos α sinα − sin2 α cos2 α

 ,

H5(α) =


cosh2 α sinh2 α cosh α sinhα cosh α sinhα

sinh2 α cosh2 α cosh α sinhα cosh α sinhα

cosh α sinhα cosh α sinhα cosh2 α sinh2 α

cosh α sinhα cosh α sinhα sinh2 α cosh2 α

 ,

H6(α) =


cosh2 α − sinh2 α cosh α sinhα − cosh α sinhα

− sinh2 α cosh2 α − cosh α sinhα cosh α sinhα

cosh α sinhα − cosh α sinhα cosh2 α − sinh2 α

− cosh α sinhα cosh α sinhα − sinh2 α cosh2 α

 ,

H7(α) =


cosh α − sinhα 0 0 0

0 cosh α + sinhα 0 0
0 0 1 0
0 0 0 1

 ,

H8(α) =


1 0 0 0
0 1 0 0
0 0 cosh α − sinhα 0
0 0 0 cosh α + sinhα

 .

[Proof]. Pick a matrix C ∈ M(4, R) satisfying tC(U ⊕ −U)C = E2,2. We abuse the notation Gi(α)
by Gi, Hi(α) by Hi for i = 3, · · · , 8. If we set Hi = CGiC

−1 for i = 1, · · · , 8, then we have

tHi(U ⊕−U)Hi = tC−1tGi
tC(U ⊕−U)CGiC

−1

= tC−1tGiE2,2GiC
−1

= tC−1E2,2C
−1

= U ⊕−U.

So Hi ∈ PO(U ⊕−U, R). We set here C = 1√
2

[
1 0 0 −1
1 0 0 1
0 −1 1 0
0 1 1 0

]
and obtain the generators above.
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q.e.d.
From Fact 2.7, we have

Corollary 2.2. PO(U ⊕−U, R) is decomposed into four connected components as follows:

PO(U, R) = PO(U, R)0 ∪ PO(M, R)0H1 ∪ PO(M, R)0H2 ∪ PO(M, R)0H1H2,

where PO(U, R)0 is the connected component of PO(U, R) containing the identity element.

We now construct the Segre map.

Definition 2.2. The Segre map ι is defined by

ι : H × H− ∪ H− × H −→ P3

(z, w) 7−→ [zw, 1, z, w].

Proposition 2.2. ι : H × H− ∪ H− × H → D(U ⊕−U) is biholomorphic.

[Proof]. Let η = [η0, η1, η2, η3] ∈ D(U ⊕−U). By the definition of D(U ⊕−U) we have

η0η1 − η2η3 = 0,

η0η1 + η0η1 − η2η3 − η2η3 = <(η0η1 − η2η3) > 0.
(2.2)

So ηi 6= 0(i = 0, · · · , 3), and η can be written as

η = [zw, 1, z, w] where z =
η2

η1
, w =

η3

η1
.

Substituting [zw, 1, z, w] into the inequality of (2.2), we have

zw + zw − zw − zw = (z − z)(w − w) = −=(z)=(w) > 0.

Hence (z, w) ∈ H×H− ∪H−×H. Conversely for (z, w) ∈ H×H− ∪H− ×H, [zw, 1, z, w] ∈ D(U ⊕−U).
q.e.d.

Corollary 2.3. The restriction ι : H × H− → D(U ⊕−U)0 is biholomorphic,
where D(U ⊕−U)0 = {η = [η0, · · · , η3] ∈ D(A) | η−1

1 (η2, η3) ∈ H × H−}.

3 Hilbert Modular Group

We first define an extention of PSL(2,K) to construct an isomorphism to PO(A, R)0 and next determine
the subgroup which is isomophic to PO(A, Z)0.

Let σ1, σ2 be the two isomorphisms from K into R as follows:

σ1 : p + q
√

d 7→ p + q
√

d,

σ2 : p + q
√

d 7→ p − q
√

d, p, q ∈ Q.

We define a distance between α, β ∈ K by max{|σ1(α − β)|, |σ2(α − β)|}. The axioms of distance are
obviously satisfied. We denote by KR the completion of K in this distance.

Proposition 3.1. (Shimizu [9],p.225) KR is isomorphic to R × R.

[proof]. For any (α(1), α(2)) ∈ R × R and any real number ε > 0, there exits α ∈ K such that

|α(1) − σ1(α)| < ε, |α(2) − σ2(α)| < ε.
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For instance, set α = p + q
√

d with p, q ∈ Q such that

|p − α(1) + α(2)

2
| <

ε

2
, |q

√
d − α(1) − α(2)

2
| <

ε

2
.

So we can take a Cauchy sequence in K such that the image by isomorphism (σ1, σ2) converges to
(α(1), α(2)). This means KR ∼= R × R.

q.e.d
For any x ∈ K we denote σ2(x) by x and define the trace and the norm by

TrK/Q(x) = x + x, NK/Q(x) = xx.

Henceforth we identify KR with R×R and define the special linear transformation group over KR as
follows:

Definition 3.1. The special linear transformation group over KR is defined as

SL(2,KR) =

{[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
|
[

α
(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
,

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
∈ SL(2, R)

}
.

The action of the group on H × H− ∪ H− × H is defined by[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
[(z, w)] =

(
α

(1)
1 z + α

(1)
2

α
(1)
3 z + α

(1)
4

,
α

(2)
1 w + α

(2)
2

α
(2)
3 w + α

(2)
4

)
.

Since the actions of ±
[

α
(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×±

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
are the same, we can define the action of the projective

special linear transformation group PSL(2, KR) = SL(2,KR)/{±I2 ×±I2} on H × H− ∪ H− × H.

We define an action of P ∈ PGL(4, R) on η ∈ P 3(C) as P [η] = t(P tη).
The Segre map ι induces a group homomorphism ρ : PSL(2,KR) → PO(U⊕−U, R) such that ι(g[(z, w)]) =
ρ(g)[ι ((z, w))] for g ∈ PSL(2,KR) and (z, w) ∈ H × H− ∪ H− × H.

Example 3.1. (i) We have

g1 =
[

α(1) β(1)

γ(1) δ(1)

]
× I2

ρ7−→


α(1) 0 0 β(1)

0 δ(1) γ(1) 0
0 β(1) α(1) 0

γ(1) 0 0 δ(1)

 ,

i.e., the diagram

(z, w) ι7−→ [zw, 1, z, w]

g1 ↓ ↓ ρ(g1)

(z′, w) ι7−→ [z′w, 1, z′, w] = [(α(1)z + β(1))w, γ(1)z + δ(1), α(1)z + β(1), (γ(1)z + δ(1))w]

is commutative.

(ii) Also we have

g2 = I2 ×
[

α(2) β(2)

γ(2) δ(2)

]
ρ7−→


α(2) 0 β(2) 0
0 δ(2) 0 γ(2)

γ(2) 0 δ(2) 0
0 β(2) 0 α(2)

 ,

i.e., the diagram

(z, w) ι7−→ [zw, 1, z, w]

g2 ↓ ↓ ρ(g2)

(z, w′) ι7−→ [zw′, 1, z, w′] = [z(α(2)w + β), γ(2)w + δ(2), z(γ(2)w + δ(2)), α(2)w + β(2)]

is commutative.
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(iii) By taking the product of g1 and g2, we obtain

g1g2 = g2g1 =
[

α(1) β(1)

γ(1) δ(1)

]
×

[
α(2) β(2)

γ(2) δ(2)

]
ρ7−→


α(1)α(2) β(1)β(2) α(1)β(2) β(1)α(2)

γ(1)γ(2) δ(1)δ(2) γ(1)δ(2) δ(1)γ(2)

α(1)γ(2) β(1)δ(2) α(1)δ(2) β(1)γ(2)

γ(1)α(2) δ(1)β(2) γ(1)β(2) δ(1)α(2)

 .

Lemma 3.1. ρ : PSL(2,KR) → PO(U ⊕−U, R)0 is an isomorphism.

[proof]. For surgectivity it is sufficient to show that the generators Hi(α), i = 3, · · · , 8 for PO(U ⊕
−U, R)0 are in the image of ρ of PSL(2,KR). [

cos α − sinα
sin α cos α

]
×

[
cos α sinα
− sinα cos α

]
ρ7−→ H3(α),[

cos α − sinα
sinα cos α

]
×

[
cos α − sinα
sinα cos α

]
ρ7−→ H4(α),[

cosh α sinhα
sinhα cosh α

]
×

[
cosh α sinhα
sinhα cosh α

]
ρ7−→ H5(α),[

cosh α − sinhα
− sinhα cosh α

]
×

[
cosh α sinhα
sinhα cosh α

]
ρ7−→ H6(α),[

cosh α
2 − sinh α

2 0
0 cosh α

2 + sinh α
2

]
×

[
cosh α

2 − sinh α
2 0

0 cosh α
2 + sinh α

2

]
ρ7−→ H7(α),[

cosh α
2 − sinh α

2 0
0 cosh α

2 + sinh α
2

]
×

[
cosh α

2 + sinh α
2 0

0 cosh α
2 − sinh α

2

]
ρ7−→ H8(α).

Injectivity is immediate since the kernel of ρ is the identity of PSL(2,KR) from Example 3.1, (iii).
q.e.d.

Remark 3.1. From Example 3.1, (iii), the restriction ρ : PSL(2, Z)×PSL(2, Z) → PO(U ⊕−U, Z)0 is
an isomorphism.

In order to extend ρ to be surjective on entire PO(U ⊕−U, R), we need the following proposition:

Proposition 3.2. H1(H2) in PO(U ⊕ −U, R) is the image by ρ of the following h1(h2 resp.) which is
an involutive automorphism on H × H− ∪ H− × H:

h1 : H × H− ∪ H− × H −→ H × H− ∪ H− × H

(z, w) 7→ (w, z)

h2 : H × H− ∪ H− × H −→ H × H− ∪ H− × H

(z, w) 7→ (
1
w

,
1
z
).

[proof]. For h1 the diagram

(z, w) ι7−→ [zw, 1, z, w]

h1 ↓ ↓ H1.

(w, z) ι7−→ [zw, 1, w, z]

is commutative. For h2 the diagram

(z, w) ι7−→ [zw, 1, z, w]

h2 ↓ ↓ H2.

(
1
w

,
1
z
) ι7−→ [

1
zw

, 1,
1
w

,
1
z
] = [1, zw, z, w]

is commutative.
q.e.d.

Note that h1, h2 6∈ PSL(2,K).
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Corollary 3.1. (i) ρ : 〈PSL(2,KR), h1, h2〉 → PO(U ⊕−U, R) is an isomorphism.

(ii) PO(U ⊕−U), R) is decomposed into four connected components.

PO(U ⊕−U, R) = ρ(PSL(2,KR)) ∪ ρ(PSL(2,KR))H1

∪ ρ(PSL(2,KR))H2 ∪ ρ(PSL(2,KR))H1H2.

Proposition 3.3. For η ∈ D(U ⊕−U), we have (I2 ⊕ tW )−1[η] ∈ D(A) and the map κ : D(U ⊕−U) →
D(A) defined by κ : η 7→ (I2 ⊕ tW )−1[η] is biholomorphic.

[proof]. This is immediate from the direct calculation.
q.e.d.

We define ι′ : H × H− ∪ H− × H → D(A) by ι′ = κ ◦ ι. Then ι′ induces a group homomorphism
ρ′ : PSL(2,KR) → PO(A, R). We now obtain

Theorem 3.1. ρ′ : PSL(2,KR) → PO(A, R)0 is an isomorphism.

Set H ′
1 = I2 ⊕ (tW−1UW ), H ′

2 = U ⊕ I2.

Corollary 3.2. PO(A, R) is decomposed into four connected components.

PO(A, R) = ρ′(PSL(2,KR)) ∪ ρ′(PSL(2,KR))H ′
1

∪ ρ′(PSL(2, KR))H ′
2 ∪ ρ′(PSL(2,KR))H ′

1H
′
2.

Let O∗ be the dual ideal of O w.r.t. the trace : the maximal subset of K such that TrK/Q(OO∗) ⊂ Z.

Let {w′
1, w

′
2} be the basis of O∗ dual to {w1, w2}. Put W ′ =

[
w′

1 w′
1

w′
2 w′

2

]
. Then we have W ′tW = I2.

The condition for the image of ρ′ being in PO(A, Z)0 is given in the following theorem.

Theorem 3.2. Let Γ be a subgroup of PSL(2,KR) consisting of all elements
[

α
(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
satisfying

(i) α
(1)
k α

(2)
k ∈ Z k = 1, · · · , 4 and

(ii) α
(1)
k α

(2)
l = α

(2)
k α

(1)
l ∈ O k, l = 1, · · · , 4 k 6= l.

Then ρ′ : Γ → PO(A, Z)0 is an isomorphism.

[proof]. Let

g =

[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
∈ PSL(2, KR).

We show that the necessary and sufficient condition for ι′∗g ∈ PO(A, Z) is g ∈ Γ.
[Necessity]. Examine the condition for

ρ(g) =


α

(1)
1 α

(2)
1 α

(1)
2 α

(2)
2 α

(1)
1 α

(2)
2 α

(1)
2 α

(2)
1

α
(1)
3 α

(2)
3 α

(1)
4 α

(2)
4 α

(1)
3 α

(2)
4 α

(1)
4 α

(2)
3

α
(1)
1 α

(2)
3 α

(1)
2 α

(2)
4 α

(1)
1 α

(2)
4 α

(1)
2 α

(2)
3

α
(1)
3 α

(2)
1 α

(1)
4 α

(2)
2 α

(1)
3 α

(2)
2 α

(1)
4 α

(2)
1


to satisfy

ρ′(g) =
[
I2 0
0 tW

]−1

ρ(g)
[
I2 0
0 tW

]
= [nij ]i,j=1,··· ,4 ∈ M(4, Z).

We divide ρ(g) into four 2 × 2 blocks.
(1) For the left upper block, we have[

α
(1)
1 α

(2)
1 α

(1)
2 α

(2)
2

α
(1)
3 α

(2)
3 α

(1)
4 α

(2)
4

]
∈ M(2, Z).
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(2) For the right upper block, we have[
α

(1)
1 α

(2)
2 α

(2)
1 α

(1)
2

α
(1)
3 α

(2)
4 α

(2)
3 α

(1)
4

]
=

[
n13 n14

n23 n24

]
W ′

=
[
n13w

′
1 + n14w

′
2 n13w′

1 + n14w′
2

n23w
′
1 + n24w

′
2 n23w′

1 + n24w′
2

]
.

Hence α
(1)
1 α

(2)
2 ∈ O∗, α

(2)
1 α

(1)
2 ∈ O∗, and α

(1)
1 α

(2)
2 = α

(2)
1 α

(1)
2 .

So TrK/Q(α(1)
1 α

(2)
2 ) = α

(1)
1 α

(2)
2 + α

(2)
1 α

(1)
2 ∈ Z, and from (1), NK/Q(α(1)

1 α
(2)
2 ) = α

(1)
1 α

(2)
2 α

(2)
1 α

(1)
2 ∈ Z.

Therefore we have

α
(1)
1 α

(2)
2 = α

(2)
1 α

(1)
2 ∈ O, and likewise α

(1)
3 α

(2)
4 = α

(2)
3 α

(1)
4 ∈ O.

(3) For the left lower block, we have[
α

(1)
1 α

(2)
3 α

(1)
2 α

(2)
4

α
(2)
1 α

(1)
3 α

(2)
2 α

(1)
4

]
= tW

[
n31 n32

n41 n42

]
=

[
n31w1 + n41w2 n32w1 + n42w2

n31w1 + n41w2 n32w1 + n42w2

]
Hence

α
(1)
1 α

(2)
3 = α

(2)
1 α

(1)
3 ∈ O, α

(1)
2 α

(2)
4 = α

(2)
2 α

(1)
4 ∈ O.

(4)For the right lower block, we have[
α

(1)
1 α

(2)
4 α

(1)
2 α

(2)
3

α
(2)
2 α

(1)
3 α

(2)
1 α

(1)
4

]
= tW

[
n33 n34

n43 n44

]
W ′

=
[
n33w1w

′
1 + n43w2w

′
1 + n34w1w

′
2 + n44w2w

′
2 n33w1w′

1 + n43w2w′
1 + n34w1w′

2 + n44w2w′
2

n33w1w
′
1 + n43w2w

′
1 + n34w1w

′
2 + n44w2w

′
2 n33w1w′

1 + n43w2w′
1 + n34w1w′

2 + n44w2w′
2

]
.

Hence α
(1)
1 α

(2)
4 = α

(2)
1 α

(1)
4 ∈ O∗, TrK/Q(α(1)

1 α
(2)
4 ) ∈ Z, and from (1), NK/Q(α(1)

1 α
(2)
4 ) ∈ Z.

So
α

(1)
1 α

(2)
4 = α

(2)
1 α

(1)
4 ∈ O, and likewise α

(1)
2 α

(2)
3 = α

(2)
2 α

(1)
3 ∈ O.

[Sufficiency]. It is obvious as follows:[
n11 n12

n21 n22

]
=

[
α

(1)
1 α

(2)
1 α

(1)
2 α

(2)
2

α
(1)
3 α

(2)
3 α

(1)
4 α

(2)
4

]
∈ M(2, Z),

[
n13 n14

n23 n24

]
=

[
α

(1)
1 α

(2)
2 w1 + α

(2)
1 α

(1)
2 w1 α

(1)
1 α

(2)
2 w2 + α

(2)
1 α

(1)
2 w2

α
(1)
3 α

(2)
4 w1 + α

(2)
3 α

(1)
4 w1 α

(1)
3 α

(2)
4 w2 + α

(2)
3 α

(1)
4 w2

]
∈ M(2, T rK/Q(O)),

[
n31 n32

n41 n42

]
=

[
α

(1)
1 α

(2)
3 w′

1 + α
(2)
1 α

(1)
3 w′

1 α
(1)
2 α

(2)
4 w′

1 + α
(2)
2 α

(1)
4 w′

1

α
(1)
1 α

(2)
3 w′

2 + α
(2)
1 α

(1)
3 w′

2 α
(1)
2 α

(2)
4 w′

2 + α
(2)
2 α

(1)
4 w′

2

]
∈ M(2, T rK/Q(OO∗)),

n33 = α
(1)
1 α

(2)
4 w′

1w1 + α
(2)
1 α

(1)
4 w′

1w1 + α
(1)
2 α

(2)
3 w′

1w1 + α
(2)
2 α

(1)
3 w′

1w1 ∈ TrK/Q(OO∗),

n34 = α
(1)
1 α

(2)
4 w′

2w1 + α
(2)
1 α

(1)
4 w′

2w1 + α
(1)
2 α

(2)
3 w′

2w1 + α
(2)
2 α

(1)
3 w′

2w1 ∈ TrK/Q(OO∗),

n43 = α
(1)
1 α

(2)
4 w′

1w2 + α
(2)
1 α

(1)
4 w′

1w2 + α
(1)
2 α

(2)
3 w′

1w2 + α
(2)
2 α

(1)
3 w′

1w2 ∈ TrK/Q(OO∗),

n44 = α
(1)
1 α

(2)
4 w′

2w2 + α
(2)
1 α

(1)
4 w′

2w2 + α
(1)
2 α

(2)
3 w′

2w2 + α
(2)
2 α

(1)
3 w′

2w2 ∈ TrK/Q(OO∗).

q.e.d.
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Corollary 3.3. We have

D(A)/PO(A, Z) ∼= H × H− ∪ H− × H/ 〈Γ, h1, h2〉
∼= H × H−/ 〈Γ, h2〉 ,

D(A)/PO(A, Z)0 ∼= H × H− ∪ H− × H/Γ,

D(A)0/PO(A, Z)0 ∼= H × H−/Γ.

Definition 3.2. We define the following groups as subgroups of PSL(2, KR):

PSL(2,K) =

{[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
∈ PSL(2, KR) | α

(1)
k = α

(2)
k ∈ K k = 1, · · · , 4

}
,

PSL(2,O) =

{[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
∈ PSL(2, KR) | α

(1)
k = α

(2)
k ∈ O k = 1, · · · , 4

}
.

Note that the above definitions are equivalent to the conventional ones.
The condition to be a member of Γ is restated for the case h(K) = 1 where O is a PID and so a UFD.
Thus any α ∈ K is factored as

α = ±εn0pn1
1 pn2

2 · · · pns
s ,

where p1, .., ps are distinct primes in O and nt ∈ Z(0 ≤ t ≤ s). The factorization is unique up to the
order of the primes and the redundance of pnt

t with nt = 0.

Definition 3.3. Let n be a non zero integer. We use the notation pn
t |α for any α ∈ K, if and only if

pnt
t occurs in the above factorization with 0 < n ≤ nt or with nt ≤ n < 0. We call α square free if and

only if |nt| ≤ 1(0 ≤ t ≤ s).

Lemma 3.2. Assume h(K) = 1. Then PSL(2, O) = PSL(2,K) ∩ Γ.

[proof]. Suppose g = [ α1 α2
α3 α4 ] ×

[
α1 α2
α3 α4

]
∈ PSL(2,K) is in Γ ,i.e.

(i) αkαk ∈ Z k = 1, · · · , 4 and

(ii) αkαl ∈ O k, l = 1, · · · , 4 k 6= l.

Then we only need to show that g is in PSL(2,O). The converse is apparent.

(i) Take a prime p ∈ Z. Assume α1 = p−n1α′
1 with n1 a positive integer and p 6 |α′

1. Then we have a
contradiction:

Z 3 α1α1 = p−2n1α′
1α

′
1 6∈ Z.

(ii) Take a prime p 6∈ Z. Assume α1 = p−n1α1 with n1 a positive integer, p 6 |α′
1. Then

Z 3 α1α1 = p−n1p−n1α′
1α

′
1, so α′

1 = pn1α′′
1 with p−1 6 |α′′

1 ,

O 3 α1α2 = p−n1α′
1α2, so α2 = pn1α′

2 with p−1 6 |α′
2,

O 3 α1α3 = p−n1α′
1α3, so α3 = pn1α′

3 with p−1 6 |α′
3,

O 3 α1α4 = p−n1α′
1α4 and

O 3 α1α4 = p−n1α′
1α4, so α4 = pn1pn1α′

4 with p−1p−1 6 |α′
4.

Moreover

1 = α1α4 − α2α3 = (p−n1pn1α′′
1)(pn1pn1α′

4) − (pn1α′
2)(p

n1α′
3) = p2n1(α′′

1α′
4 − α′

2α
′
3).

Since p−1 6 |α′′
1α′

4 − α′
2α

′
3, we have n1 = 0 which is a contradiction.
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From 1 and 2, α1 ∈ O. The situation is the same for αk(k = 2, 3, 4).
q.e.d.

When NK/Q(ε) = 1, we put

gε =
[√

ε 0
0

√
ε

]
×

[√
ε 0

0
√

ε

]
.

Note that gε ∈ Γ.

Lemma 3.3. Assume h(K) = 1.

(i) If NK/Q(ε) = −1, then Γ = PSL(2, O);

(ii) If NK/Q(ε) = 1, then Γ = 〈PSL(2, O), gε〉.

[proof]. Let g =
[

α
(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]
∈ SL(2,KR). We only need to show that the necessary

condition for g being in Γ is

(i) when NK/Q(ε) = −1, g ∈ PSL(2,O),

(ii) when NK/Q(ε) = 1, g ∈ 〈PSL(2,O), gε〉.

(Sufficiency is evident since PSL(2,O) ⊂ Γ and gε ∈ Γ.)
Let i, j ∈ {1, 2} with i 6= j, k, l ∈ {1, · · · , 4} with k 6= l.
From Theorem 3.1, α

(1)
k α

(2)
k = rk ∈ Z and α

(1)
k α

(2)
l ∈ K.

If α
(j)
k 6= 0, then K 3 α

(i)
k α

(j)
l = rk

α
(j)
k

α
(j)
l , so

α
(j)
l

α
(j)
k

∈ K. (3.1)

Assume here α
(j)
1 6= 0. Then there exists γ

(j)
l ∈ K such that

α
(j)
l = γ

(j)
l α

(j)
1 , for l = 2, 3, 4.

So we have
1 = α

(j)
1 α

(j)
4 − α

(j)
2 α

(j)
3 = (γ(j)

4 − γ
(j)
2 γ

(j)
3 )(α(j))

1 )2.

Hence (α(j)
1 )2 ∈ K. Thus for any k ∈ {1, · · · , 4}

(α(j)
k )2 ∈ K. (3.2)

From (3.1) and (3.2) we have
α

(j)
k α

(j)
l ∈ K. (3.3)

Since α
(j)
1 α

(j)
4 − α

(j)
2 α

(j)
3 = 1 and from the hypothesis, we have

Z 3 α
(i)
2 α

(j)
2 α

(i)
3 α

(j)
3 = (α(i)

1 α
(i)
4 − 1)(α(j)

1 α
(j)
4 − 1)

= α
(i)
1 α

(j)
1 α

(i)
4 α

(j)
4 + 1 − (α(i)

1 α
(i)
4 + α

(j)
1 α

(j)
4 ).

And from the hypothesis
NK/Q(α(i)

1 α
(i)
4 ) = α

(i)
1 α

(i)
4 α

(j)
1 α

(j)
4 ∈ Z. (3.4)

Hence
Trk/Q(α(i)

1 α
(i)
4 ) = α

(i)
1 α

(i)
4 + α

(j)
1 α

(j)
4 ∈ Z. (3.5)
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From (3.3),(3.4), and (3.5), we have

α
(i)
1 α

(i)
4 ∈ O, and likewise α

(i)
2 α

(i)
3 ∈ O.

Since (α(i)
k )2 ∈ K, we may write

α
(i)
k =

√
β

(i)
k α

′(i)
k where β

(i)
k , α

′(i)
k ∈ K, with β

(i)
k > 0.

Summarise what we obtained so far as follows:

product

q

β
(2)
1 α

′(2)
1

q

β
(2)
2 α

′(2)
2

q

β
(2)
3 α

′(2)
3

q

β
(2)
4 α

′(2)
4

q

β
(1)
1 α

′(1)
1

q

β
(1)
2 α

′(1)
2

q

β
(1)
3 α

′(1)
3

q

β
(1)
4 α

′(1)
4

q

β
(1)
1 α

′(1)
1 Z O O O K K K O

q

β
(1)
2 α

′(1)
2 O Z O O K K O K

q

β
(1)
3 α

′(1)
3 O O Z O K O K K

q

β
(1)
4 α

′(1)
4 O O O Z O K K K

As seen from the table, we may assume without loss of generality

β
(i)
k = β(i) ∈ K, β(j) = (β(i))−1.

Then α
′(i)
k α

′(j)
k = α

(i)
k α

(j)
k = rk ∈ Z and

α
′(j)
k =

rk

NK/Q(α′(i)
k )

α
′(i)
k .

Since α
′(i)
k α

′(j)
l = α

′(j)
k α

′(i)
l , we have rl

NK/Q(α
′(i)
l )

α
′(i)
k α

′(i)
l = rk

NK/Q(α
′(i)
k )

α
′(i)
k α

′(i)
l . So we can write

rk

NK/Q(α′(i)
k )

= c(i) ∈ Q.

Since α
(i)
1 α

(i)
4 − α

(i)
2 α

(i)
3 = 1 for i ∈ {1, 2}, we have

β(i)(α′(i)
1 α

′(i)
4 − α

′(i)
2 α

′(i)
3 ) = 1,

(β(i))−1(c(i))2(α′(i)
1 α

′(i)
4 − α

′(i)
2 α

′(i)
3 ) = 1.

Taking the conjugate of the latter expression and comparing with the former we have

(c(i))2 = β(i)β(i) > 0.

So we have

β(i) > 0 and c(i) = ±
√

β(i)β(i).

Then we have by definition

α
(i)
k =

√
β(i)α

′(i)
k ,

α
(j)
k = (

√
β(i))−1c(i)α

′(i)
k = ±

√
β(i)α

′(i)
k .

So we may write

α
(1)
k =

√
βα′

k, α
(2)
k = ±

√
βα′

k where β, α′
k ∈ K, β, β > 0 and β is square free. (3.6)

We may assume β and α′
k are factorized as follows:

β = εδ0pδ1
1 · · · pδs

s p1
δ′
1 · · · ps

δ′
s ,

α′
k = ±εnk0pnk1

1 · · · pnks
s p1

n′
k1 · · · ps

n′
ks ,

where p1, · · · , ps are distinct primes, δt, δ
′
t = 0, 1 (0 ≤ t ≤ s), nkt, n

′
kt ∈ Z (0 ≤ t ≤ s),

δ′t = n′
kt = 0 for pt ∈ Z.

(3.7)
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Since β > 0, δ0 = 0 if NK/Q(ε) = 1. Since α
(1)
k α

(2)
k ∈ Z, we have√

ββα′
kα′

k =
√

(p1p1)δ1+δ′
1 · · · (psps)δs+δ′

s(p1p1)nk1+n′
k1 · · · (psps)nks+n′

ks ∈ Z. (3.8)

Therefore for any t (1 ≤ t ≤ s) we have the following cases:

(1) If pt 6∈ Z and δtδ
′
t = 0, then since ptpt is square free in Z, δt = δ′t = 0;

(2) If pt 6∈ Z and δt = δ′t = 1, then

1 = α
(1)
1 α

(1)
4 − α

(1)
2 α

(1)
3 = (ptpt) · · · (α′(1)

1 α
′(1)
4 − α

′(1)
2 α

′(1)
3 )

which give rise to one of the following three cases

(A) (ptpt)−1|α′(1)
1 α

′(1)
4 or (ptpt)−1|α′(1)

2 α
′(1)
3 ,

(B) p−1
t |α′(1)

1 α
′(1)
4 and pt

−1|α′(1)
2 α

′(1)
3 ,

(C) pt
−1|α′(1)

1 α
′(1)
4 and p−1

t |α′(1)
2 α

′(1)
3 .

These can be reduced to the following cases without loss of generality.

(a) p−1
t pt

−1|α′
1,

(b) p−1
t |α′

1 and pt
−1|α′

4,

(c) p−1
t |α′

1 and pt
−1|α′

2.

In case (a), we may write α1 = p−1
t pt

−1α′′
1 where α′′

1 ∈ K with ptpt 6 |α′′
1 and have

α
(1)
1 =

√
ptpt · · ·p−1

t pt
−1α′′

1 .

Then we have a contradiction:

Z 3 α
(1)
1 α

(2)
1 = ±ptpt · · · (p−1

t pt
−1)2α′′

1α′′
1 ∈6∈ Z.

In case (b), we may write α′
1 = pt

−1α′′
1 , α′

4 = pt
−1α′′

4 where α′′
1 , α′′

4 ∈ K with pt 6 |α′′
1 , pt 6 |α′′

4

and have

α
(1)
1 =

√
ptpt · · ·p−1

t α′′
1 ,

α
(2)
4 = ±

√
ptpt · · ·p−1

t α′′
4 .

Then we have a contradiction:

O 3 α
(1)
1 α

(2)
4 = ±(ptpt) · · · p−2

t α′′
1α′′

4 6∈ O.

In case (c), we may write α′
2 = pt

−1α′′
2 where α′′

2 ∈ K with pt|α′′
2 and have

α
(1)
1 =

√
ptpt · · ·p−1

t α′′
1 ,

α
(2)
2 = ±

√
ptpt · · ·p−1

t α′′
2 .

Then we have a contradiction:

O 3 α
(1)
1 α

(2)
2 = ±(ptpt) · · · p−2

t α′′
1α′′

2 6∈ O.

Therefore the case pt 6∈ Z and δt = δ′t = 1 is impossible.

13



(3) If pt ∈ Z, then α
(1)
k =

√
pt · · ·α′

k and

1 = α
(1)
1 α

(1)
4 − α

(1)
2 α

(1)
3 = pt · · · (α′

1α
′
4 − α′

2α
′
3).

Hence p−1
t |α′

1α
′
4 or p−1

t |α′
2α

′
3. It is sufficient to examine the case p−1

t |α′
1. In this case we have

α′
1 = p−1

t α′′
1 , with pt 6 |α′′

1 . So we have a contradiction:

Z 3 α
(1)
1 α

(2)
1 = ±pt · · · p−2

t α′′
1α′′

1 6∈ Z.

Therefore pt 6∈ Z.

From (1),(2) and (3), we now know β = εδ0 . From (3.6), we have

g =

[
α

(1)
1 α

(1)
2

α
(1)
3 α

(1)
4

]
×

[
α

(2)
1 α

(2)
2

α
(2)
3 α

(2)
4

]

=
[
(
√

ε)δ0α′
1 (

√
ε)δ0α′

2√
ε)δ0α′

3 (
√

ε)δ0α′
4

]
×

[
±(

√
ε)δ0α′

1 ±(
√

εε)δ0α′
2

±(
√

ε)δ0α′
3 ±(

√
εε)δ0α′

4

]
= g1g

δ0
ε gc,

where

g1 =
[
α′

1 εδ0α′
2

α′
3 εδ0α′

4

]
×

[
α′

1 εδ0α′
2

α′
3 εδ0α′

4

]
, gε =

[√
ε 0

0
√

ε

]
×

[√
ε 0

0
√

ε

]
,

gc = I2 × (±I2).

Since g, gε, gc ∈ Γ, we have g1 ∈ Γ. So from Lemma 3.2, g1 ∈ PSL(2,O). By definition if NK/Q(ε) = −1,
δ0 = 0. gc is the identity in PSL(2,KR).

q.e.d.

Remark 3.2. When h(K) = 1 and NK/Q(ε) = 1, it would be enticing to use the notation PSL(2,O(
√

ε))
for Γ. However it is inappropriate:

Assume h =
[

1 +
√

ε 1 + 2
√

ε
4 + 3

√
ε 5 + 6

√
ε

]
×

[
α + β

√
ε γ + δ

√
ε

∗ ∗

]
∈ Γ.

Since h ∈ Γ, we have

Z 3 (1 +
√

ε)(α + β
√

ε) = ∗ + (α + β)
√

ε, so β = −α,

O 3 (1 + 2
√

ε)(α − α
√

ε) = ∗ + α
√

ε, so α = 0,

Z 3 (1 + 2
√

ε)(γ + δ
√

ε) = ∗ + (2γ + δ)
√

ε, so δ = −2γ,

O 3 (1 +
√

ε)(γ − 2γ
√

ε) = ∗ − γ
√

ε, so γ = 0.

Thus we have a contradiction:

h =
[

1 +
√

ε 1 + 2
√

ε
4 + 3

√
ε 5 + 6

√
ε

]
×

[
0 0
∗ ∗

]
6∈ Γ.

Theorem3.2 and Lemma 3.3 yield the main theorem:

Theorem 3.3. Assume h(K) = 1.

(i) If NK/Q(ε) = −1, then ρ′ : PSL(2,O) → PO(A, Z)0 is an isomorphism;

(ii) If NK/Q(ε) = 1, then ρ′ : 〈PSL(2,O), gε〉 → PO(A, Z)0 is an isomorphism.

As for the entire group PO(A, Z), we have

Corollary 3.4. Assume h(K) = 1.
PO(A, Z) is decomposed into four components. Each of them is the intersection of a connected component
of PO(A, R) and M(4, Z) as follows:

14



(i) If NK/Q(ε) = −1, then

PO(A, Z) = ρ′ (PSL(2,O)) ∪ ρ′ (PSL(2,O))H ′
1

∪ ρ′ (PSL(2,O))H ′
2 ∪ ρ′ (PSL(2,O))H ′

1H
′
2;

(ii) If NK/Q(ε) = 1, then

PO(A, Z) = ρ′ (PSL(2,O)) ∪ ρ′ (PSL(2,O)gε)

∪ (ρ′ (PSL(2,O)) ∪ ρ′ (PSL(2,O)gε))H ′
1

∪ (ρ′ (PSL(2,O)) ∪ ρ′ (PSL(2,O)gε))H ′
2

∪ (ρ′ (PSL(2,O)) ∪ ρ′ (PSL(2,O)gε))H ′
1H

′
2.

Corollary 3.5. Assume h(K) = 1.

(i) If NK/Q(ε) = −1, then

D(A)/PO(A, Z) ∼= H × H− ∪ H− × H/ 〈PSL(2,O), h1, h2〉
∼= H × H−/ 〈PSL(2,O), h2〉 ,

D(A)/PO(A, Z)0 ∼= H × H− ∪ H− × H/PSL(2,O),

D(A)0/PO(A, Z)0 ∼= H × H−/PSL(2,O);

(ii) If NK/Q(ε) = 1, then

D(A)/PO(A, Z) ∼= H × H− ∪ H− × H/ 〈PSL(2,O), gε, h1, h2〉
∼= H × H−/ 〈PSL(2,O), gε, h2〉 ,

D(A)/PO(A, Z)0 ∼= H × H− ∪ H− × H/ 〈PSL(2,O), gε〉 ,

D(A)0/PO(A, Z)0 ∼= H × H−/ 〈PSL(2,O), gε〉 .

Remark 3.3. It is well known that the following three conditions are equivalent:

(i) NK/Q(ε) = −1,

(ii) For any prime number p with p|d, p = 2 or p ≡ 1 mod 4,

(iii) d is a sum of two squares.

4 Generators of PO(A, Z)0

We first give a system of generators of PSL(2,O) for the case d = 5 or 8.

Proposition 4.1. Take g =
[
α1 α2

α3 α4

]
∈ PSL(2,O) such that α1α2α3α4 = 0. Let {1, ω} be a basis of

O. Then:

(i) When NK/Q(ε) = −1, g ∈
〈[

1 1
0 1

]
,

[
1 ω
0 1

]
,

[
ε 1
0 −ε

]
,

[
0 1
−1 0

]〉
;

(ii) When NK/Q(ε) = 1 , g ∈
〈[

1 1
0 1

]
,

[
1 ω
0 1

]
,

[
ε 1
0 ε

]
,

[
0 1
−1 0

]〉
.
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[Proof]. Note that for any α = n1 + n2 ω ∈ O with n1, n2 ∈ Z ,we have[
1 α
0 1

]
=

[
1 1
0 1

]n1
[
1 ω
0 1

]n2

,[
1 0
α 1

]
=

[
0 1
−1 0

]−1 [
1 −α
0 1

] [
0 1
−1 0

]−1

,[
α 1
−1 0

]
=

[
1 −α
0 1

] [
0 1
−1 0

]
,[

0 1
−1 α

]
=

[
0 1
−1 0

] [
1 −α
0 1

]
.

Assume NK/Q(ε) = −1. Then we have[
ε α
0 −ε

]
=

[
ε 0
0 −ε

] [
1 −αε
0 1

]
,

[
ε 0
α −ε

]
=

[
1 0

−αε 1

] [
ε 0
0 −ε

]
,[

α ε
ε 0

]
=

[
ε 0
0 −ε

] [
−αε 1
−1 0

]
,

[
0 ε
ε α

]
=

[
ε 0
0 −ε

] [
0 1
−1 αε

]
.

Assume NK/Q(ε) = 1. Then we have[
ε α
0 ε

]
=

[
ε 0
0 ε

] [
1 αε
0 1

]
,

[
ε 0
α ε

]
=

[
1 0
αε 1

] [
ε 0
0 −ε

]
,[

α ε
−ε 0

]
=

[
ε 0
0 ε

] [
αε 1
−1 0

]
,

[
0 ε
−ε α

]
=

[
ε 0
0 ε

] [
0 1
−1 αε

]
.

q.e.d.

Proposition 4.2. Assume K is a Euclidian domain. Then we have

(i) when NK/Q(ε) = −1, PSL(2,O) =
〈[

1 1
0 1

]
,

[
1 ω
0 1

]
,

[
ε 1
0 −ε

]
,

[
0 1
−1 0

]〉
;

(ii) when NK/Q(ε) = 1, PSL(2,O) =
〈[

1 1
0 1

]
,

[
1 ω
0 1

]
,

[
ε 1
0 ε

]
,

[
0 1
−1 0

]〉
.

[Proof]. Let g =
[
α1 α2

α3 α4

]
∈ SL(2,O) with α1α2α3α4 6= 0. Then g can be transformed to g′ =[

α′
1 α′

2

α′
3 α′

4

]
with α′

1 = 0 or α′
2 = 0 using the Euclidian algorithm for α1 and α2. Each step of the algorithm

is performed by multiplying from right a suitable matrix in the form
[
1 β
0 1

]
or

[
1 0
γ 1

]
with β, γ ∈ O.

q.e.d.
We now show that when d = 5 or 8, K is a Euclidian domain.

Proposition 4.3. When d = 8, K is a Euclidian domain w.r.t. the absolute value of the norm.

[Proof]. Take {1,
√

2} as a basis of O. For a, b ∈ Q , we have NK/Q(a + b
√

2) = a2 − 2b2.
It is sufficient to show that for any α, β ∈ O with β 6= 0 there exists γ ∈ O such that |N(α−βγ)| < |N(β)|.
Assume α

β = a + b
√

2, with a, b ∈ Q.
Take γ ∈ O such that γ = m + n

√
2 with m,n ∈ Z satisfying |a − m| ≤ 1

2 and |b − n| ≤ 1
2 .

Then we have

NK/Q(
α

β
− γ) = NK/Q((a + b

√
2) − (m + n

√
2)) = (a − m)2 − 2(b − n)2, −1

2
≤ NK/Q(

α

β
− γ) ≤ 1

4
.

Hence we have

|NK/Q(α − βγ)| = |NK/Q(β)||NK/Q(
α

β
− γ)| ≤ 1

2
|NK/Q(β)| < |NK/Q(β)|.

q.e.d.
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Proposition 4.4. When d=5, K is a Euclidian domain w.r.t. the absolute value of the norm.

[Proof]. Take {1, 1+
√

5
2 } as a basis of O. For a, b ∈ Q , we have NK/Q(a + b 1+

√
5

2 ) = (a + b
2 )2 − 5

4b2.
It is sufficient to show that for any α, β ∈ O with β 6= 0 there exists γ ∈ O such that |N(α−βγ)| < |N(β)|.
Assume α

β = a + b 1+
√

5
2 , with a, b ∈ Q.

Take γ ∈ O such that γ = m + n 1+
√

5
2 with m,n ∈ Z satisfying |a − m| ≤ 1

2 and |b − n| ≤ 1
2 .

Then we have

NK/Q(
α

β
− γ) = NK/Q((a + b

1 +
√

5
2

) − (m + n
1 +

√
5

2
)) = (a − m +

b − n

2
)2 − 5

4
(b − n)2.

Since 0 ≤ |a − m| ≤ 1
2 and 0 ≤ |b − n| ≤ 1

2 , we have

0 ≤ |a − m +
b − n

2
| ≤ |a − m| + |b − n

2
| ≤ 3

4
, 0 ≤ (a − m +

b − n

2
)2 ≤ 9

16
,

0 ≤ 5
4
(b − n)2 ≤ 5

16
,

− 5
16

≤ NK/Q(
α

β
− γ) ≤ 9

16
.

Hence we have

|NK/Q(α − βγ)| = |NK/Q(β)||NK/Q(
α

β
− γ)| ≤ 9

16
|NK/Q(β)| < |NK/Q(β)|.

q.e.d.

Corollary 4.1. We have a system of generators for PSL(2,O) as follows:

(i) When d = 8

PSL(2,O) =
〈[

1 1
0 1

]
,

[
1

√
2

0 1

]
,

[
1 +

√
2 0

0
√

2 − 1

]
,

[
0 1
−1 0

]〉
,

(ii) when d = 5

PSL(2,O) =

〈[
1 1
0 1

]
,

[
1 1+

√
5

2
0 1

]
,

[
1+

√
5

2 0
0

√
5−1
2

]
,

[
0 1
−1 0

]〉
.

When d = 5, 8, h(K) = 1 and NK/Q(ε) = −1. So from Theorem 3.3, ρ′ : PSL(2,O) → PO(A, Z)0 is
an isomorphism. Thus we obtain a system of generators for PGL(A, Z)0, sending by ρ′ the generators
for PSL(2,O).

Proposition 4.5. We have a system of generators for PO(A, Z)0 as follows:

(i) When d = 8,

PO(A, Z)0 =

〈
1 1 2 0
0 1 0 0
0 1 1 0
0 0 0 1

 ,


1 −2 0 −4
0 1 0 0
0 0 1 0
0 1 0 1

 ,


−1 0 0 0
0 −1 0 0
0 0 −3 −4
0 0 −2 −3

 ,


0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 1


〉

;

(ii) When d = 5,

PO(A, Z)0 =

〈
1 1 2 1
0 1 0 0
0 1 1 0
0 0 0 1

 ,


1 −1 1 −2
0 1 0 0
0 0 1 0
0 1 0 1

 ,


−1 0 0 0
1 −1 0 0
0 0 −1 −1
0 0 −1 −2

 ,


0 1 0 0
1 0 0 0
0 0 −1 −1
0 0 0 1


〉

.
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5 Polarized Abelian Surfaces with Real Multiplication

Conventionally the Hilbert modular group operates on H2. The quotient space H2/PSL(2,O) ,after
compactification and minimal resolutions of all singularities, is called the Hilbert modular surface. In
this section, we show that H × H−/PSL(2,O) is more natural than H2/PSL(2,O) as a moduli space of
polarized abelian surfaces with real multiplication.
We put

D =
[
d1 0
0 d2

]
, with d1|d2.

Let O∗ be the dual ideal of O w.r.t. the trace: TrK/Q(OO∗) ⊂ Z.
Let a be an invertible O-module of rank 1 with a ⊂ O∗. We use the following notation:

Sp(4, R) =
{

g ∈ GL(4, R) | g

[
0 I2

−I2 0

]
tg =

[
0 I2

−I2 0

]}
,

Sp(4, Z, D) = GL(4, Z) ∩
[
I2 0
0 D

]
Sp(4, R)

[
I2 0
0 D−1

]
,

PSL2(O, a) =
{[

α β
γ δ

]
∈ PSL(2,K) | α, δ ∈ O, β ∈ a, γ ∈ a−1

}
.

(5.1)

In particular PSL2(O,O) = PSL(2,O). When D = I2, Sp(4, Z, D) = Sp(4, Z).
Fix τ = (τ1, τ2) ∈ H2. Let V = C2, L = {(z1, z2) ∈ V | z1 = ατ1 +β, z2 = ατ2 +β where α ∈ O, β ∈ a}.
So we have L ∼= O ⊕ a.
For any two points z = (z1, z2), z′ = (z′1, z

′
2) ∈ V , there exist α1, α2, β1, β2 ∈ KR such that

z1 = α
(1)
1 τ1 + β

(1)
1 , z2 = α

(2)
1 τ2 + β

(2)
1 , z′1 = α

(1)
2 τ1 + β

(1)
2 , z′2 = α

(2)
2 τ2 + β

(2)
2 .

We define a bilinear form E(, ) on V over C by

E(z, z′) =
2∑

i=1

(α(i)
1 β

(i)
2 − α

(i)
2 β

(i)
1 ).

If αi ∈ K and βi ∈ K (i = 1, 2), then E(z, z′) = TrK/Q(α1β2 − α2β1).

Proposition 5.1. (van der Geer [3],p.148) Under the notation above, we have

(i) E(z, z′) =
∑2

i=1(=τi)−1=(ziz′i),

(ii) E is alternating, non-degenerate, bi-linear and integral on L.

(iii) E(iz, iz′) = E(z, z′),

(iv) E(iz, z) > 0

[proof].

(i) We have

α
(i)
1 =

zi − zi

τi − τi
= (=τi)−1=zi, likewise α

(i)
2 = (=τi)−1=z′i.

Hence:

α
(i)
1 β

(i)
2 − α

(i)
2 β

(i)
1 =α

(i)
1 (z′i − α

(i)
2 τi) − α

(i)
2 (zi − α

(i)
1 τi)

=<
(
α

(i)
1 (z′i − α

(i)
2 τi) − α

(i)
2 (zi − α

(i)
1 τi)

)
=α

(i)
1 <z′i − α

(i)
2 <zi

=(=τi)−1(=zi<z′i −=z′i<zi)

=(=τi)−1=(ziz′i).
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(ii) E is alternating because

E(z′, z) =
2∑

i=1

(=τi)−1=(z′izi) = −
2∑

i=1

(=τi)−1=(ziz′i) = −E(z, z′).

E is bilinear because we have for c1, c2 ∈ R, z, z′, w ∈ V ,

E(c1z + c2z
′, w) =

2∑
i=1

(=τi)−1=((c1z1 + c2z
′)w) = c1E(z, w) + c2E(z′, w).

E is itegral on L because we have for (αi, βi) ∈ O ⊕ a (i = 1, 2),

E(α1τ + β1, α2τ + β2) = TrK/Q(α1β2 − α2β1) ∈ TrK/Q(Oa) ⊂ TrK/Q(OO∗) ⊂ Z.

(iii) E(iz, iz′) =
∑2

i=1(=τi)−1=(iz(iz′)) = E(z, z′).

(iv) E(iz, z) =
∑2

i=1(=τi)−1=(izizi) ≥ 0. E(iz, z) = 0 if and only if z = 0. So E is also non-degenerate.

q.e.d.
In this way V/L becomes a polarized abelian surface A(τ,O⊕ a) with E, a Riemann form on V w.r.t.

lattice L. We call A(τ,O ⊕ a) a polarized abelian surface with multiplication by O.
We use the notation

Φ(x) =
[
x 0
0 x

]
for x ∈ K.

Proposition 5.2. (Shimizu [9],p.231 Theorem7.3) A(τ,O⊕ a) is isomorphic to A(τ ′,O⊕ a) if and only
if there exists g ∈ PSL2(O, a) such that τ = g[τ ′].

[Proof]. In this proof, let an element in V = C2 be represented by a column vector z =
(

z1

z2

)
.

We can write

L = Φ(O)
(

τ1

τ2

)
+ Φ(a)

(
1
1

)
,

and let

L′ = Φ(O)
(

τ ′
1

τ ′
2

)
+ Φ(a)

(
1
1

)
.

Let
θ : V/L → V/L′

be an isomorphism, and let
Θ : V → V

be a linear transformation which represents θ. Since θ is an isomorphism, Θ is commutable with Φ(α)(α ∈
K). So Θ =

[
Θ1 0
0 Θ2

]
(Θ1, Θ2 ∈ C×). There exist κij ∈ K (i, j = 1, 2) such that

Θ
(

τ1

τ2

)
= Φ(κ11)

(
τ ′

τ ′

)
+ Φ(κ12)

(
1
1

)
,

Θ
(

1
1

)
= Φ(κ21)

(
τ ′

τ ′

)
+ Φ(κ22)

(
1
1

)
.

(5.2)

Let

g =
[
κ11 κ12

κ21 κ22

]
.
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Since ΘL ⊂ L′, we have for (α, β) ∈ O ⊕ a

ΘL 3 Θ
[
Φ(α)

(
τ1

τ2

)
, Φ(β)

(
1
1

)]
= Θ[Φ(α), Φ(β)]


τ1

τ2

1
1

 = [Φ(α),Φ(β)]

Θ
(

τ1

τ2

)
Θ

(
1
1

)


= [Φ(α), Φ(β)]
[
Φ(κ11) Φ(κ12)
Φ(κ21) Φ(κ22)

] 
τ ′
1

τ ′
2

1
1

 ⊂ L′.

So (α, β)g ∈ O ⊕ a. i.e., (O ⊕ a)g ⊂ O ⊕ a. On the other hand, since Θ−1L′ ⊂ L, (O ⊕ a)g−1 ⊂ O ⊕ a.
Hence

(O ⊕ a)g = O ⊕ a. (5.3)

Let E(E′) be the Riemann form of V/L(V/L′resp.). Since the isomorphism θ preserves the value of the
Riemann form, we have for any (a1, a2), (b1, b2) ∈ O ⊕ a

TrK/Q

(
(a1, a2)

[
0 1
−1 0

](
b1

b2

))
= TrK/Q(a1b2 − a2b1)

= E

(
Φ(a1)

(
τ1

τ2

)
+ Φ(a2)

(
1
1

)
, Φ(b1)

(
τ1

τ2

)
+ Φ(b2)

(
1
1

))
= E′

(
Θ

(
Φ(a1)

(
τ1

τ2

)
+ Φ(a2)

(
1
1

))
, Θ

(
Φ(b1)

(
τ1

τ2

)
+ Φ(b2)

(
1
1

)))
= E′

(
Φ(a1)Θ

(
τ1

τ2

)
+ Φ(a2)Θ

(
1
1

)
, Φ(b1)Θ

(
τ1

τ2

)
+ Φ(b2)Θ

(
1
1

))
= E′

(
Φ(a1)

(
Φ(κ11)

(
τ ′
1

τ ′
2

)
+ Φ(κ12)

(
1
1

))
+ Φ(a2)

(
Φ(κ21)

(
τ ′
1

τ ′
2

)
+ Φ(κ22)

(
1
1

))
,

Φ(b1)
(

Φ(κ11)
(

τ ′
1

τ ′
2

)
+ Φ(κ12)

(
1
1

))
+ Φ(b2)

(
Φ(κ21)

(
τ ′
1

τ ′
2

)
+ Φ(κ22)

(
1
1

)))
= TrK/Q((a1κ11 + a2κ21)(b1κ12 + b2κ22) − (a1κ12 + a2κ22)(b1κ11 + b2κ21))

= TrK/Q

(
(a1κ11 + a2κ21, a1κ12 + a2κ22)

[
0 1
−1 0

](
b1κ11 + b2κ21

b1κ12 + b2κ22

))
= TrK/Q

(
(a1, a2)

[
κ11 κ12

κ21 κ22

] [
0 1
−1 0

] [
κ11 κ21

κ12 κ22

](
b1

b2

))
.

Hence

g

[
0 1
−1 0

]
tg =

[
0 κ11κ22 − κ12κ21

−(κ11κ22 − κ12κ21) 0

]
=

[
0 1
−1 0

]
. (5.4)

From (5.3),(5.4), we have
g ∈ PSL2(O, a).

From (5.2), we have

Θ1

(
τ1

1

)
= g

(
τ ′
1

1

)
, Θ2

(
τ2

1

)
= g

(
τ ′
2

1

)
, where g = [κij ]ij .

Therefore
(τ1, τ2) = g[(τ ′

1, τ
′
2)].

q.e.d.
Hence the isomorphism classes of {A(τ,O ⊕ a) | τ ∈ H2} are parameterized by H2/PSL2(O, a).
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On the other hand, an abelian surface with polarization
[

0 D
−D 0

]
is by definition the quotient space

V/L′ with Riemann form E where L is a lattice generated by u1, u2, u3, u4 ∈ V satisfying

[E(ui, uj)]ij =
[

0 D
−D 0

]
, (i, j = 1, · · · , 4).

The Siegel upper half-space of degree 2 is by definition S2 = {Z ∈ M(2, C) | tZ = Z,=Z > 0}. The
action of Sp(4, R) on S2 is defined as follows:
For G =

[
A1 A2
A3 A4

]
∈ Sp(4, R) with Ai(i = 1, · · · , 4) being a 2 × 2 matrix and Z ∈ S2,

G[Z] = (A1Z + A2)(A3Z + A4)−1.

As is well known, the isomorphism classes of abelian surfaces P(Z,D) with polarization
[

0 D
−D 0

]
are pa-

rameterized by S2/Sp(4, Z, D). We now construct an embedding from H2/PSL2(O, a) into S2/Sp(4, Z, D).

Lemma 5.1. Suppose a = Zd1w
′
1 + Zd2w

′
2 in terms of a suitable basis {w′

1, w
′
2} of O∗ which is dual to

a basis {w1, w2} of O and d1|d2. Let a∗ be the dual of a w.r.t. the trace.
Then a∗ = Zd−1

1 w1 + Zd−1
2 w2.

[proof]. Let α ∈ O∗ and α = c1w
′
1 + c2w

′
2. Then we have

α ∈ a∗ ⇐⇒ for any β ∈ a TrK/Q(αβ) ∈ Z

⇐⇒ TrK/Q(αdjw
′
j) ∈ Z (j = 1, 2)

⇐⇒ diTrK/Q(αw′
j) ∈ Z (j = 1, 2).

Here

TrK/Q(αw′
j) =

2∑
i=1

ciTrK/Q(wiw
′
j) = cj .

Hence cj ∈ d−1
j Z.

q.e.d.

Lemma 5.2. Set here {w1, w2} = {1, d+
√

d
2 }, {w′

1, w
′
2} = { 1−

√
d

2 ,
√

d
d }. We can write a = O∗t with

t = n1w1 + n2w2 ∈ O. Then O∗/a ∼= Z/Zd1 × Z/Zd2 where d1 = g.c.d.(n1, n2), d1d2 = |NK/Q(t)|.

[proof]. Let {u1, u2} be a basis of a such that u1 = tw′
1, u2 = tw′

2. Then we have

(u1, u2) = (tw′
1, tw

′
2) = (w′

1, w
′
2)F, where F =

[
n1 n2

−d(d−1)
4 n2 n1 + dn2

]
.

The determinant of F equals NK/Q(t):

|F | = n2
1 + dn1n2 +

d(d − 1)
4

n2
2 = NK/Q(a)/NK/Q(O∗) = NK/Q(t).

By multiplying from right a suitable unimodular matrix T , F changes to the form

FT =
[
g.c.d.(n1, n2) 0

∗ ∗

]
.

T = T1 · · ·Tt where Ti(1 ≤ i ≤ t) ∈ GL(2, Z) and each Ti performs a step of the Euclidian algorithm on
n1, n2 or an exchange of the columns. Since the lower elements of FT represented by ∗ is a multiple of
g.c.d.(n1, n2), by multiplying from left a suitable unimodular matrix S ∈ GL(2, Z) we finally get

SFT =
[
g.c.d.(n1, n2) 0

0 |NK/Q(t)|/g.c.d.(n1, n2)

]
.

Let {u′
1, u

′
2} be a basis of a such that (u′

1, u
′
2) = (u1, u2)T . Let {w′′

1 , w′′
2} be a basis of O∗ such that

(w′′
1 , w′′

2 ) = (w′
1, w

′
2)S

−1. Then we have

(u′
1, u

′
2) = (w′′

1 , w′′
2 )SFT.

q.e.d.
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Proposition 5.3. (van der Geer [3],p.148) Let f be a map

f : H2 −→ S2

z = (z1, z2) 7→ W

[
z1 0
0 z2

]
tW.

Let ϕ be a homomorphism

ϕ : PSL(O, a) −→ Sp(4, R)

g =
[
α β
γ δ

]
7→

[
W 0
0 tW−1

] [
Φ(α) Φ(β)
Φ(γ) Φ(δ)

] [
W−1 0

0 tW

]
,

Then f and ϕ are well defined and f(g[z]) = ϕ(g)[f(z)].

[Proof].

(i) f(z) = tf(z) is obvious. =f(z) = W

[
=z 0
0 =z

]
tW > 0. Therefore f(z) ∈ S2.

(ii) We show that ϕ(g)
[

0 I2

−I2 0

]
tϕ(g) =

[
0 I2

−I2 0

]
:

[
W−1 0

0 tW

] [
0 I2

−I2 0

] [
tW−1 0

0 W

]
=

[
0 W−1

−tW 0

] [
tW−1 0

0 W

]
=

[
0 I2

−I2 0

]
,[

Φ(α) Φ(β)
Φ(γ) Φ(δ)

] [
0 I2

−I2 0

] [
Φ(α) Φ(β)
Φ(γ) Φ(δ)

]
=

[
−Φ(β) Φ(α)
−Φ(δ) Φ(γ)

] [
Φ(α) Φ(β)
Φ(γ) Φ(δ)

]
=

[
−Φ(β)Φ(α) + Φ(α)Φ(β) −Φ(β)Φ(γ) + Φ(α)Φ(δ)
−Φ(δ)Φ(α) + Φ(γ)Φ(α) −Φ(δ)Φ(γ) + Φ(γ)Φ(δ)

]
=

[
0 I2

−I2 0

]
,[

W 0
0 tW−1

] [
0 I2

−I2 0

] [
tW 0
0 W−1

]
=

[
0 W

−tW−1 0

] [
tW 0
0 W−1

]
=

[
0 I2

−I2 0

]
.

(iii) Let z′ = g[z]. We show that ϕ(g)(f(z)) = f(z′):[
W−1 0

0 tW

] [
W

[
z1 0
0 z2

]
tW

]
= W−1

(
W

[
z1 0
0 z2

]
tW

)
tW−1 =

[
z1 0
0 z2

]
,[

Φ(α) Φ(β)
Φ(γ) Φ(δ)

] [[
z1 0
0 z2

]]
=

(
Φ(α)

[
z1 0
0 z2

]
+ Φ(β)

)(
Φ(γ)

[
z1 0
0 z2

]
+ Φ(δ)

)−1

=
[
αz1 + β 0

0 αz2 + β

] [
γz1 + δ 0

0 γz2 + δ

]−1

=
[
z′1 0
0 z′2

]
,[

W 0
0 tW−1

] [[
z′1 0
0 z′2

]]
= W

[
z′1 0
0 z′2

]
tW = f(z′).

q.e.d.

Lemma 5.3. (van der Geer [3],p.148) There exists an embedding

H2/PSL2(O, a) ↪→ S2/Sp(4, Z, D).

[Proof]. We use the notation of Lemma 5.1 and Proposition 5.3. Let ν be an automorphism

ν : S2 −→ S2

Z 7−→ ZD−1.
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Let ψ be a homomorphism

ϕ : Sp(4, R) −→ Sp(4, R)

G 7→
[
I2 0
0 D

]
G

[
I2 0
0 D−1

]
.

It is obvious that ν(G[Z]) = ψ(G)[ν(Z)]. Hence (ν ◦ f)(g[z]) = (ψ ◦ ϕ)(g)[(ν ◦ f)(z)].
We show that (ψ ◦ ϕ)(PSL2(O, a)) ⊂ Sp(4, Z, D):

ψ ◦ ϕ(g) =
[

WΦ(α)W−1 WΦ(β)tWD−1

DtW−1Φ(γ)W−1 DtW−1Φ(δ)tWD−1

]
, where

WΦ(α)W−1 =
[
w1αw′

1 + w1αw′
1 w1αw′

2 + w1αw′
2

w2αw′
1 + w2αw′

1 w2αw′
2 + w2αw′

2

]
= [TrK/Q(wiαw′

j)]ij ∈ M(2, T rK/Q(OO∗)) = M(2, Z),

WΦ(β)tWD−1 =
[
w1 w1

w2 w2

] [
β 0
0 β

] [
w1 w2

w1 w2

] [
d−1
1 0
0 d−1

2

]
=

[
w1β w1β

w2β w2β

] [
d−1
1 w1 d−1

2 w2

d−1
1 w1 d−1

2 w2

]
=

[
w1βd−1

1 w1 + w1βd−1
1 w1 w1βd−1

2 w2 + w1βd−1
2 w2

w2βd−1
1 w1 + w2βd−1

1 w1 w2βd−1
2 w2 + w2βd−1

1 w2

]
= [TrK/Q(wiβd−1

j wj)]ij ∈ M(2, T rK/Q(Oaa∗)) = M(2, Z),

DtW−1Φ(γ)W−1 =
[
d1 0
0 d2

] [
w′

1 w′
1

w′
2 w′

2

] [
γ 0
0 γ

] [
w′

1 w′
2

w′
1 w′

2

]
=

[
d1w

′
1 d1w′

1

d2w
′
2 d2w′

2

] [
γw′

1 γw′
2

γw′
1 γw′

2

]
=

[
d1w

′
1γw′

1 + d1w′
1γw′

1 d1w
′
1γw′

2 + d1w′
1γw′

2

d2w
′
2γw′

1 + d2w′
2γw′

1 d2w
′
2γw′

2 + d2w′
2γw′

2

]
= [TrK/Q(diwiγwj)]ij ∈ M(2, T rK/Q(aa−1O∗)) = M(2, Z),

DtW−1Φ(δ)tWD−1 =
[
d1 0
0 d2

] [
w′

1 w′
1

w′
2 w′

2

] [
δ 0
0 δ

] [
w1 w2

w1 w2

] [
d−1
1 0
0 d−1

2

]
=

[
d1w

′
1 d1w′

1

d2w
′
2 d2w′

2

] [
δ 0
0 δ

] [
d−1
1 w1 d−1

2 w2

d−1
1 w1 d−1

2 w2

]
= [TrK/Q(diw

′
iδd

−1
j wj)]ij ∈ M(2, T rK/Q(aOa∗)) = M(2, Z).

Since the kernel of ν ◦ f is null, H2/PSL(O, a) → S2/Sp(4, Z, D) induced by ν ◦ f is an embedding.
q.e.d.

Lemma 5.4. (i) If there exists t ∈ O such that a = O∗t, NK/Q(t) < 0, then

H2/PSL(2,O) ∼= H2/PSL2(O, a).

(ii) If there exists t ∈ O such that a = O∗t, NK/Q(t) > 0, then

H2/PSL(2,O∗) ∼= H2/PSL2(O, a).

(iii) If NK/Q(ε) = −1, then
H2/PSL(2,O) ∼= H2/PSL2(O,O∗).

[Proof].
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(i) Note that O =
√

dO∗. Let s = t√
d
. We may assume t > 0. Then s, s > 0. We have a = Os,

a−1 = Os−1.
Let σ be an isomorphism

σ : H2 −→ H2

z = (z1, z2) 7−→ w = (sz1, sz2).

Let Λ be a homomorphism

Λ : PSL(2,O) −→ PSL2(O, a)[
α β
γ δ

]
7→

[
α βs

γs−1 δ

]
.

Then we get

σ

([
α β
γ δ

]
[z]

)
= Λ

([
α β
γ δ

])
(σ[z]).

(ii) We may assume that t > 0 and t > 0. We have (O∗)−1 =
√

dO, a−1 = O
√

dt−1.
Let σ′ be an isomorphism

σ′ : H2 −→ H2

z = (z1, z2) 7−→ w = (tz1, tz2).

Let Λ′ be a homomorphism with α, β, γ, δ ∈ O

Λ′ : PSL(2,O) −→ PSL2(O, a)[
α β

√
d
−1

γ
√

d δ

]
7→

[
α β

√
d
−1

t

γ
√

dt−1 δ

]
.

Then we get

σ′

([
α β

√
d
−1

γ
√

d δ

]
[z]

)
= Λ′

([
α β

√
d
−1

γ
√

d δ

])
(σ′[z]).

(iii) Let a = O∗ in (i).

q.e.d.

Lemma 5.5. (van der Geer [3],p.152) H × H−/PSL(2,O) ∼= H2/PSL2(O,O∗)

[Proof]. Let σ′′ be an isomorphism

σ′′ : H × H−1 −→ H2

z = (z1, z2) 7−→ w = (
√

d
−1

z1,−
√

d
−1

z2).

Let Λ′′ be a homomorphism

Λ′′ : PSL(2,O) −→ PSL2(O, a)[
α β
γ δ

]
7→

[
α β

√
d
−1

γ
√

d δ

]
.

Then we get

σ′′
([

α β
γ δ

]
[z]

)
= Λ′′

([
α β
γ δ

])
(σ′[z]).

q.e.d
Now for a paramodular symplectic group, we obtain the following theorem:
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Theorem 5.1. Take {w1, w2} = {1, d+
√

d
2 } as a basis of O. Then we have the following:

(i) If there exists t = n1w1 + n2w2 ∈ O such that NK/Q(t) = −d1d2 and g.c.d.(n1, n2) = d1,
then there exists an embedding H2/PSL(2,O) ↪→ S2/Sp(4, Z, D).

(ii) If there exists t = n1w1 + n2w2 ∈ O such that NK/Q(t) = d1d2 and g.c.d.(n1, n2) = d1,
then there exist

(A) an embedding H2/PSL2(O,O∗) ↪→ S2/Sp(4, Z, D) and

(B) an embedding H × H−/PSL(2,O) ↪→ S2/Sp(4, Z, D).

(iii) If NK/Q(ε) = −1, then the conditions of (i) and (ii) are equivalent.

In particular for the case d1 = d2 = 1 we have

Corollary 5.1. (i) If there exists t = n1w1 + n2w2 ∈ O such that NK/Q(t) = −1, then there exists
an embedding H2/PSL2(O,O) ↪→ S2/Sp(4, Z).

(ii) There exists an embedding H × H−/PSL2(O,O) ↪→ S2/Sp(4, Z).

[proof]. If NK/Q(t) = (n1w1 + n2w2)(n1w1 + n2w2) = NK/Q(w1)n2
1 + tr(w1w2)n1n2 + NK/Q(w2)n2

2 =
±1, then g.c.d.(n1, n2) = 1.

q.e.d.
Therefore we know that H × H−/PSL(2,O) is always embedded into S2/Sp(4, Z). On the other

hand, it is conditional for H2/PSL(2,O) to have an embedding in this way.

6 K3 Surfaces

It is known that L = −E8 ⊕−E8 ⊕ U ⊕ U ⊕ U is the cohomology lattice of K3 surfaces where

E8 =



2 0 −1 0 0 0 0 0
0 2 0 −1 0 0 0 0
−1 0 2 −1 0 0 0 0
0 −1 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 2


.

L is even and unimodular. D20(L) is the period domain of the family of all K3 surfaces and the period
map is surjective, i.e., all points of D20(L) occur as period points of K3 surfaces ([1],p.339 Corollary14.2
and see p.372).

In general, we have

Proposition 6.1. (Barth [1],p.28 Theorem 2.9) Let L be an even unimodular lattice containing a sub-

lattice isometric to
k
⊕ U and let M be any even lattice.

If rank M ≤ k, then there exists a primitive embedding i : M → L, i.e., i is a lattice monomorphism and
i(M) is primitive.

Since
(x1, x2)(−WU tW )t(x1, x2) = −2NK/Q(w1x1 + w2x2), for x1, x2 ∈ Z,

−WU tW is even and identified with a primitive sublattice of U ⊕ U . Hence A = U ⊕ (−WU tW ) is
a primitive sublattice of L and D(A) becomes a period domain of a family FA of K3 surfaces with a
transcendental lattice A for a generic member. Then D(A)/PO(A, Z) becomes a a moduli space of the
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family FA. In fact, a matrix P in PO(A, Z) represents a basis change of the cohomology class space and
an orbit PO(A, Z)η of η ∈ D(A) represents an identical member of FA.

From Lemma 5.4, 5.5, on the condition that there exists t ∈ O such that NK/Q(t) = −1, we have
H2/PSL(2,O) ∼= H × H−/PSL(2,O). As shown in Corollary 3.5, H × H−/PSL(2,O) is again more
natural than H2/PSL(2,O) in view of the correspondence with D(A)/PO(A, Z).

In summary, the correspondence among surfaces are shown in the diagram below:

{[Σ2]} -
Jac

FA

{[A(τ,O ⊕O∗)]}

{[P(Z, J)]}

H × H−/ < Γ, h2 >∼= D(A)/PO(A, Z),

H × H−/PSL(2,O)

S2/Sp(4, Z)

-

-

-

6

6

6

where Z ∈ S2, τ ∈ H2, J =
[

0 I2
−I2 0

]
,

[·]: the isomorphism class of ·,
Σ2: a closed Riemann surface of genus 2,
Jac: the Abel-Jacobi map,
P(Z, J): a polarized abelian surface with principal polarization J ,
A(τ,O ⊕O∗): an abelian surface with multiplication O and with a lattice isomorphic to O ⊕O∗,
FA: a family of K3 surfaces with transcendental lattice A for a generic member,

Γ =

{
PSL(2,O) if h(K) = 1, NK/Q(ε) = −1,

PSL(2,O) ∪ PSL(2,O)gε if h(K) = 1, NK/Q(ε) = 1,

h2 : H × H− → H × H−

(z, w) 7→ (1/w, 1/z).

References

[1] Barth,P.;Hulek,H;Peters,C: van de Ven, A., Compact Complex Surfaces, 2nd. ed., Springer-Verlag,
(2004).

[2] Freitag,E.;Schneider,V., Bemerkung zu einem Satz von J.Igusa und W.Hammond, Math, Zeischr,
102,9-16 (1967).

[3] Hirzebruch,F ; van der Geer,G., Lectures on Hilbert Modular Surfaces., Les Presses de l’Universite
de Montreal, 1981.

[4] Kodaira,K., On compact analytic surfaces. II, Ann. Math. 77 1963,1-40.

[5] Koike,K., On K3 surfaces determined by polytopes, Master thesis, Chiba Univ.,1996.

[6] Narumiya,N., Private note , in the custody of Prof.Shiga.H, Chiba Univ..

[7] Narumiya,N.;Shiga,H., The Mirror Map for a Family of K3 Surfaces induced from the Simplest
3-Dimensional Reflexsive Polytope, CRM Proceedings and Lecture Notes Vol 30,2001.

26



[8] Pyatetskii-Shapiro, Automorphic functions and the geometry of classical domains, Gordon and
Breach,1969.

[9] Shimizu.H., Automorphic Functions II, Iwanamishoten,1977

[10] Takagi,T., Lecture on elementary theory of integers, 2nd. ed., Kyoritsushuppan,1971.

[11] Yamauchi,T.;Sugiura,M., Introduction to Continuous Groups. Baifukan,1960

27


