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1 Introduction

In the present paper, we construct an injective isomorphism p’ from the projective Hilbert modular group
into the integral orthogonal group PO(A,Z) for a real Hermitian matrix A of signature (2,2). For the
precise statement we use the following notation.

K : areal quadratic field with the discriminant d,

h(K) : the class number of K,

€ : the fundamental unit of K with € > 1,

O : the ring of integers in K,

{w1,ws} : a basis of O,

U=1?sl,
W = [g; g;] where ~ denotes the automorphism of K with vd = —V/d,

A=Ua (-WU'W),

PO(A,R) ={P € PGL(4,R) | 'PAP = A},

PO(A,R) : the connected component of the identity element in PO(A,R),
PO(A,Z) = PGL(4,Z) N PO(A,R),

PO(A,Z)y = PGL(4,Z) N PO(A,R)y,

H(H_): the upper half plane (the lower half plane, resp.).

D(A) = {n € P*(C) | nA'n=0,7A" > 0},

D(A)o = {n=[no,--- ,ms] € P*(C) [ nA'n = 0,747 > 0,77 (2, 3)W € H x H_}.

We define an action of the Hilbert modular group PSL(2,0) on H x H_. And we construct a natural
biholomorphic isomorphism ¢/ : H x H_ — D(A)o. It becomes a modular isomorphism in a certain sense.
So we obtain a required isomorphism p’ between two modular groups. In other words, with p’ defining an
action of PSL(2,0) on D(A)g, ¢ becomes a PSL(2,0)-equivariant map. That is our first main theorem
(Theorem 3.2).

To speak exactly, we have the following diagram:

/

p
T —_ PO(A,Z),
PSL(2,0) —— P (PSL(2,0))




,where T' is an extension of PSL(2,0) defined in Theorem 3.2. In other words, we have
HxH_/T~D(A)y/PO(A,Z).
Moreover we obtain the following: If h(K) = 1 and Ng/g = —1 , then we have
I = PSL(2,0).
And if h(K) =1 and Ng,g = 1, then we have
[[: PSL(2,0)] = 2.

These results are stated in Theorem 3.3.

As a biproduct of our study, we obtain a condition for PSL(2,O) to have a modular embedding into
the paramodular symplectic group Sp(4,Z, D), where D = [%1 ;2] (di1|d2) indicates a fixed polarization.
The result is stated in Theorem 5.1.

Also we obtained an explicit system of generators of PO(A,Z) for d = 5,8. It is stated as Proposi-

tion 4.5.

Our present study comes from the following background.
For the case d = 8, D(A) becomes the space of moduli of a family .# of K3 surfaces with the
transcendental lattice A for a generic member. The member of .% has a representation

S\ p)rwyz(zr +y+z+ 1)+ vy +p =0,

with 2 parameters \, 4 € P1(C). The situation is almost the same for the case d = 5 (see Narumiya [6] ).
So it is interesting to study the period map, the period differential equation and the modular map that
is obtained as the inverse of the period map. The study in this direction will be published elsewhere.
Our work is greatly owing to Narumiya for his suggestion made years ago while he was working under
Hironori Shiga that there must be an injective isomorphism described here. The author owes great thanks

to Professor Shiga for giving the opportunity to work on this conjecture.

2 A Symmetric Bounded Domain of Type IV

Let A be a real Hermitian matrix with signature (2,n). A represents a bilinear form (A'n for ¢ =
[CO7 Cla "7<’I’L+1]a n= [77077717 ~'777n+1] S Pn-‘rl ((C)

Definition 2.1. For such matriz A the subspace of P"T1(C) consisting of the points 1 = [10, M1, s Mns1] €
P+ (C) which satisfy the quadratic relations

nAtn =0,

2.1
7A'n >0, ®1)

is called a n dimensional symmetric bounded domain of type IV associated to A and denoted by D™ (A).

Note that these relations are well defined on P"*1(C). Henceforth we only deal with the case n = 2
where A is a real Hermitian matrix with signature (2,2) and abuse the notation D?(A4) by D(A). We also
use the notation O(A,R) = {P € GL(4,R)|'PAP = A} (PO(A,R) = O(A,R)/{£1,}) and call it the
orthogonal group (the projective orthogonal group resp.) associated to A. PO(A,R) is a subgroup of the
projective transformation group on P3(C) and stabilizes the relations (2.1). So it becomes the projective
transfomation group on D(A).



Let G denote the group consisting of all the general linear transformations which preserve the indefinite
quadratic form

wital+otap—apyg —apn -2, (P>09>0ptg=n)

Let E, ,=I,® —1I,. Then G = {P € GL(n,R) | '"PE, ,P = E, ,}. Here we review the basic facts about
the group G. We have Fact 2.1 through 2.7 as known (Yamauchi-Sugiura [11],p.145 Problem 4).

Fact 2.1. Let g be the Lie ring of G. Then
g={XeMnR)|'XE,,+ E,,X =0}.
Fact 2.2. G is self conjugate,i.e., if P € G, then 'P € G.

Fact 2.3. For a real symmetric matriz X (*X = X) if exp(X) € G, then X € g. In particular for any
real number s, exp(sX) € G.

We denote by O(n,R) the n dimensional real orthogonal group.

Fact 2.4. Any matric M € GL(n,R) can be wriitten uniquely as M = US where U € O(n,R) and S is
a positive definite real symmetric matriz. This is called the polar representation of M.

Fact 2.5. For any P € G, let P =US be its polar representation. Then U € G and S € G.

Fact 2.6. We have GNO(n,R) = O(p,R) & O(q,R). In other words any P € GNO(n,R) can be written
as
P=P &P, where P, €O(p,R), P»eO(q,R).

Conversely any element of G in this form is an element of G N O(n).
Fact 2.7. G is decomposed into four connected components, Gy, G1, G2, Gs, where
Iyrg€Go, Iy B E;11€G1, Ep1181,€0G2, Ep 11D E;11€0Gs.

From now on we only consider the case n =4,p =2,q = 2.
Take an element P of G and let P = US be the polar representation . From Fact 2.1 and 2.3, we have

S—exp (L2 ) with S e M@ R).
S0
This and Fact 2.6 give a system of genarators for G.

Proposition 2.1. We have a system of generators for G with a parameter a € R :

1 0 0 0 1 00 O
0 -1 0 O 01 0 O
Gi=1o 0 10" “=loo1 ol
0 0 0 1 0 0 0 -1
[cosae —sina 0 0 1 0 0 0
sinae cosaa 0 O 0 1 0 0
Gs(a) = 0 0 1 0|’ Gala) = 0 0 cosae —sina|’
L 0 0 0 1 0 0 sina cosa
0 0 o O cosha 0 sinha 0
Gs(a) = ex 0 0 0 O _ 0 1 0 0
SWW=EP Ly 0 0 0 " |sinha 0 cosha Of’
0 0 0 O 0 0 0 1



[0 0 0 o] 1 0 0 0 ]
Gola) = 0 00 O |0 cosha 0 sinha
V=Pl g 00 of| " Jo o 1 0o |
la 0 0 0] |0 sinha 0 cosha)
[0 0 0 O] [coshae 0 0 sinha]
0 0 a O 0 10 0
Grla)=exp g o o ol [T] 0 o1 o |
0 0 0 0] [sinha 0 0 cosha|
[0 0 0 0] 1 0 0 0]
Gs(a) = 0 0 0 « |0 cosha sinha 0
Bl)=EP 1o 0 0 0 |0 sinha cosha Of°
0 a 0 0] 0 0 0 1]
Since U @ —U is of signature (2,2) , O(U & —U,R) is isomophic to G. From Proposition 2.1 ,

we obtain

Corollary 2.1. We have a system of generators for PO(U & —U,R) with a parameter o € R :

cosh asinh a
| cosh asinh «

cosh a sinh o
cosh « sinh o

cosh? a
sinh? o

H=5LoU H=U®I,
[ cos?a —sin cosasina — cosasin o]
Hy(a) = —sin? o cos? o cosasina  — cosasino
3 —cosasina  — cosasin o cos? o sin? o ’
| cosasina cos asin o sin? a cos?
[ cos?a sin? a —cosasina  —cosasin o
Hy(a) sin® a cos? o CoS (v sin & Ccos oy sin &
4 = . . .
cosasina  —cosasina cos? o —sin?a |’
|[cosasina — cos asin « —sin? o cos? o
- 2 . 12 . .
cosh” a sinh” « coshasinha  cosh o sinh «
. 192 2 . .
sinh” « cosh” a cosh asinh o cosh arsinh o

sinh? o
cosh? a

[ cosh? o —sinh? coshasinha  — cosh asinh a

He()) = —sinh? o cosh? —coshasinha  coshasinh a
7 | coshasinha  — coshasinha cosh? o —sinh? o ’
| —coshasinha  cosh asinh a —sinh? a cosh? a
[cosh v — sinh « 0 0 O]
0 cosha +sinha 0 0

H7(a) = 0 0 1 0 3

i 0 0 0 1]

(1 0 0 0 i

0 1 0 0

Hg () = 0 0 cosha —sinhao 0

10 0 0 cosh o + sinh a

[Proof]. Pick a matrix C' € M(4,R) satisfying ‘C(U @ —U)C = E3 5. We abuse the notation G;(«)
by G;, H;(a) by H; for i =3,--- 8. If weset H; = CG;C~! fori=1,---,8, then we have
‘H{(U o -U)H;, ='C~"G!C(U ® -U)CG;C™*
='C"MG By G C™!
e e
=Uoq-U.

100-1
So H; € PO(U & —U,R). We set here C = % [(1) 093 ] and obtain the generators above.
0110



q.e.d.
From Fact 2.7, we have

Corollary 2.2. PO(U @ —U,R) is decomposed into four connected components as follows:

PO(U,R) = PO(U,R)o U PO(M,R)oH, UPO(M,R)gHs U PO(M,R)oH; Ha,

where PO(U,R)q is the connected component of PO(U,R) containing the identity element.
We now construct the Segre map.

Definition 2.2. The Segre map ¢ is defined by

cHxH_UH_ x H— P3

(z,w) — [z2w, 1, z,w].
Proposition 2.2. . :HxH_UH_ x H— DU @ —U) is biholomorphic.
[Proof]. Let n = [no,n1,m2,13] € D(U & —U). By the definition of D(U @& —U) we have

nom — n21m3 = 0,

o S o o o (2.2)
mom + nomn — M2n3 — 1273 = R(Tom — 72m3) > 0.

Son; #0(i =0,---,3), and n can be written as

n=[zw,1,z,w] where z= @,w =
m m
Substituting [zw, 1, z, w] into the inequality of (2.2), we have
ZW~+ 2w — Zw — 20 = (2 — Z)(w — W) = —F(2)S(w) > 0.

Hence (z,w) e HxH_ UH_ x H. Conversely for (z,w) € HxH_UH_ x H, [2w, 1, z,w] € DU & —U).
q.e.d.

Corollary 2.3. The restriction ¢ : H x H_ — D(U @ —U)y is biholomorphic,
where D(U @ ~U)o = {n = [no,--- ,n3] € D(A) | n; *(12,m3) € H x H_}.

3 Hilbert Modular Group

We first define an extention of PSL(2, K) to construct an isomorphism to PO(A, R) and next determine
the subgroup which is isomophic to PO(A,Z)g.
Let 01,02 be the two isomorphisms from K into R as follows:

o1 p+qVd— p+ gV,
o2 i p+qVd— p—qVd, p,q € Q.

We define a distance between «, 5 € K by max{|oi(a — §)],|o2(a — 8)|}. The axioms of distance are
obviously satisfied. We denote by Kg the completion of K in this distance.

Proposition 3.1. (Shimizu [9],p.225) K is isomorphic to R x R.

[proof]. For any (a(¥,a(?) € R x R and any real number € > 0, there exits o € K such that

oM —oi(a)] <e, [P —oy(a) <e



For instance, set o = p + ¢v/d with p, ¢ € Q such that
1) (2) 1) _ o2
a4+ € e} « €
|p_f|<§v |q\f—f|<§~
So we can take a Cauchy sequence in K such that the image by isomorphism (o1,02) converges to
(@M, a(?). This means Kz = R x R.
q.ed
For any x € K we denote oo(z) by T and define the trace and the norm by
Trigg(r) =247, Ngg(r)=27.
Henceforth we identify K with R x R and define the special linear transformation group over Ky as

follows:

Definition 3.1. The special linear transformation group over Ky is defined as
[ M [o@ @ PRCOINNEY 2@ @
st = { [ ]« [EBN [ 0] [ 8] esrem)
The action of the group on Hx H_ UH_ x H is defined by

alM oM | " a® o T (2, w)] = (1)2 + a a(z)w + aéQ)
af? af | af? o | 17 (1)2 + a(l)’ ( ) + a(2)

(1) NO) (2) (2)
Since the actions of + [ 2 gl) X £ {aim z%) are the same, we can define the action of the projective
special linear tmnsformatzon group PSL(2, Kg) = SL(2, Kg)/{xlo x £I2} on Hx H_ UH_ x H.
We define an action of P € PGL(4,R) on n € P3(C) as P[n] = *(P'n).
The Segre map ¢ induces a group homomorphism p : PSL(2, Kg) — PO(U®—U,R) such that ¢(g[(z, w)]) =
p(9)[t ((z,w))] for g € PSL(2,KR) and (z,w) € H x H_ UH_ x H.
Example 3.1. (i) We have
a® 0o po
C Ta® g p |0 sM 4
R Rl ORI
M 0 0 &M
i.e., the diagram
(z,w) == [2w, 1, 2, w]
g1l L plgr)
(,0) v [, 1, 2,0] = (007 + 50z 460,00z 4 50, (02 4 500
18 commutative.
(ii) Also we have

a® 0 p@ 0

@21 o | 0 5@ 0 A?
g2 = Iz x [:(2) 6(2)} — (2) 0 52 0 )

0 /@ 0 a®
i.e., the diagram
(z,w) = [zw, 1, 2, w]
92 1 L plg2)
(z,w") —= [zw, 1, z,w'] = [2(aPw + B), yPw + 6P, 2(yPw + §@)), aPw + 53]

s commutative.



(i4i) By taking the product of g1 and ga, we obtain

9192 = 9291 = {

a® g a® g7 p
7(2) §5(2)

,y(l) 51

aMa®
EOMNE)
o (2)
2)

—

E

Lemma 3.1. p: PSL(2, Kg) — PO(U & —U,R)q is an isomorphism.

[proof]. For surgectivity it is sufficient to show that the generators H;(«),i

—U,R)g are in the image of p of PSL(2, Kg).

0

cosh § —sinh §
0

2 ainh &
[cosh 5 —sinh §

cosa —sina
sina  cosa
cosa —sina «
sina  cosa
cosha sinh«
sinha  cosha
cosha —sinha
—sinha  cosha
0 cosh § —sinh &
cosh % + sinh % 0
0 cosh § +sinh &
. X
cosh § +sinh § 0

AR MR g4
s 4R 5(1)42)
Ds@  HD§52) (1)~(2)
B By
5(1)5(2) 7(1)g(2) sWa®
=3,---,8 for PO(U @
cosa  sinal] P (@)
—sina  cosa| 3\Eh
cosa —sinal P H (@)
sina cosa | A=)
cosha sinhal| »
{sinha cosh o = Hs(a),
cosha sinhal »
[sinha cosh Q| = Hy(a),
0 1 »
cosh 5 + sinh % == Hy(a),
0 1 »
cosh § —sinh § | = Hs(a).

Injectivity is immediate since the kernel of p is the identity of PSL(2, Kg) from Example 3.1, (iii).

q.e.d.

Remark 3.1. From Ezample 3.1, (iii), the restriction p : PSL(2,Z) x PSL(2,Z) — PO(U ® —U,Z)y 1is

an isomorphism.

In order to extend p to be surjective on entire PO(U @ —U,R), we need the following proposition:

Proposition 3.2. Hy(Hs) in PO(U @ —U,R) is the image by p of the following hy (he resp.) which is
an involutive automorphism on H x H_ UH_ x H:

hi  HxH_UH_xH-—HxH_UH_ xH

(2, w)

= (w,2)

ho  HxH_UH_ xH-—HxH_UH_ xH

[proof]. For hy the diagram

is commutative. For ho the diagram

is commutative.

11
Gw) -
(z,w) = [zw, 1,2z,
hi | I Hi.
(w,z) +=  [zw,1,w,2]
(Z’/LU) 'L) [Zw’ 17Z7w]
hy | | Hs.
11 . 1 11
(w7z) [ — I:Zw’ 7w72] [ ’Zw7z’w:|

Note that hq, he & PSL(2, K).

q.e.d.



Corollary 3.1. (i) p: (PSL(2, Kg), h1, h2) — PO(U @ —U,R) is an isomorphism.
(ii)) PO(U & —U),R) is decomposed into four connected components.
Up(PSL(2,Kr))H2 U p(PSL(2, Kg))H Hs.

Proposition 3.3. Forn € D(U @ —U), we have (I ® *W)~1[n] € D(A) and the map k : D(U & —U) —
D(A) defined by k : n+— (Ia ® 'W) L[] is biholomorphic.

[proof]. This is immediate from the direct calculation.
q.e.d.
We define ¢/ : Hx H_ UH_ x H — D(A) by ¢/ = kot Then ¢/ induces a group homomorphism
p : PSL(2,Kgr) — PO(A,R). We now obtain

Theorem 3.1. p' : PSL(2, Kg) — PO(A,R) is an isomorphism.
Set H = I, ® ‘\W=IUW), H,=U®® I,.
Corollary 3.2. PO(A,R) is decomposed into four connected components.
PO(A,R) = p/(PSL(2, Kg)) U p/(PSL(2, Kr))H]
U’ (PSL(2, Kr))Hj U p'(PSL(2, Kr))H{ Hj.
Let O* be the dual ideal of O w.r.t. the trace : the maximal subset of K such that Trg q(OO0*) C Z.

Let {w},w}} be the basis of O* dual to {wy,wa}. Put W’ = [wé uié} Then we have WtW = I5.
Wy Wy

The condition for the image of p’ being in PO(A,Z) is given in the following theorem.

) LM @) L@
Theorem 3.2. Let ' be a subgroup of PSL(2, Kr) consisting of all elements [a *2 ] X [al %2 }

1
agl) O‘il) Ot§2) a512)

satisfying

(i) al(cl)al(f) <Y/ k=1,---,4 and

(i) Vo =PV e0  ki=1,-- 4  k#L

Then p' : T'— PO(A,Z)g is an isomorphism.

o agl) agl) y a(12) ag2)
agl) afll) agm %(12)

[proof]. Let
S PSL(Q, KR)

We show that the necessary and sufficient condition for g € PO(A,Z) is g € T.

[Necessity]. Examine the condition for

L @ @ 2 1) 2 1) (2)

Q) o Qy "y Qg "Gy Qg "0
_[afel ool aPal ot
p(g) = agna(z) aél)osz) agl)af) ag)aéz)
az())1)a§2) afll)af) aél)ag) afll)a?)

to satisfy
—1
I 0 I 0
p'(g) = {02 tW:| p(9) [02 twil = [nijlij=1,. 4 € M(4,Z).

We divide p(g) into four 2 x 2 blocks.
(1) For the left upper block, we have
[agl)a?) oD@

2072, € M(2,7).
agl)a:(f) 04511)044(12)‘| ( )



(2) For the right upper block, we have
04(1) 52) (12) él) |3 M g
a(l) 4(12) ag,Q)afl) Nos Moy

I ! / 7

o |:TL13U)1 + nNiqaWy MN13W7p + N14Wo
- / / / /
N23W7 + NogWy  No3Wq + NagWs

Hence a{Val? € 0%, aPall) € 0%, and o{Val? = W
So Trxg(al ( ) o2 )) _ gl) 52) (2) (1) €z, and from ( ), NK/Q(Q( )aé2)) ag )a(2)a(12) M7
Therefore we have

W@ _ @0 ¢ o,

oy = oy D = (Z)ail) e 0.

and likewise ag oy’ = g

(3) For the left lower block, we have
agl)a;(f) a( )afl) _ ity |:’]’L31 ngz}
agz)aél) 52) 511) 41 N4q2

_[n31wr Fngwe nagwi + Ngowsa
N31W1 + Ng1W2  N32W1 + NgoW2

Hence
(1) (2) ( ) 6 o, (1) (2) (2) (1) co.

(4)For the right lower block, we have

(1) (2) (1) (2)
Qq oy — n33 N34 w’
agz)agl) (2) (1) M43 Taq
/ / / e v e o
_ |:Tl33w1"w1 + N43Wa2wWq -+ n34W1 Wy + Ng4aWo2Wy MN33W1Wq -+ N43WawWq -+ N34W1Wo -+ N4 Wa2Wy
- e ! g/ A ! ! ol Tl
N33WLWy + NagzWawi + N34W1Wy + NgqWaWy  NI3W1W7 + Na3WowW7 + N34W1 W5 + NggWoWsy

Hence agl)ai) (2) Ve o, Tr Kol atVal? )) € Z, and from (1), N g(oy att) (2)) Z.
So
oMo — 0@, ¢ o, (Ma® — 0@ ¢ 0.

and likewise a

[Sufficiency]. It is obvious as follows:

(g1 T3] I (1) (2) (1) (2)

. (1) <2> (1) <2> € M(2,2),

s ) _ [afPafwn + aPallmr afValw, +Of§2)agl)w21 € M(2,Tr (0))
|23 T24 | a(l)a(Z)w —|—a( )afl )71 a(l)a( )w —l—a( )a( V5 = TK/Q ’
et igs] B (1) (2)w +a§ )a(l) o (1) <2>w/ +a(2)a(1)wl] € M2, Try g(00")
[7041 42| agl)a(Q)wQ + a( )aél)wQ agl)a(Q)wQ + a§2)a511)w2 A ’
N33 = ag )af)wlw + ag )a(l)wlw + ag )ag )wlw + a( )ag )wlwl € Tryp(00"),
Nn3g = ag )af)wzwl + ag )ail)w2w1 + ag )agz)w2W1+ aéz)agl)wzwl € Trg(00%),
N43 = ag )af)wlw + ag )af)wlw + ag )ag )wlw + ag )ag )wlwg € Trip(00"),
nas = 05 a M wyws + af? af Wi + 0V o i + af? oy whws € Trig g (00).



Corollary 3.3. We have
D(A)/PO(A,Z) 2 H x H_UH_ x H/ (T, hy, ho)
“HxH_/(T,ha),
D(A)/PO(A,Z)y 2 H xH_UH_ x H/T,
D(A)y/PO(A,Z)g 2*H x H_/T.

Definition 3.2. We define the following groups as subgroups of PSL(2, Kg):

2D o] [a® 4@ g
PSL(2aK): %1) %1) X %2) %2) GPSL(Q,KR)‘O% =aqy cK k=1,---,45%,
Ol3 ay 0[3 Qy
PCORNCY a? @ © @
PSL(2aO): %1) %1) X %2) %2) GPSL(Q,K]R) ‘O‘k: =aqy c® k=1,---,45%.
Qg ay Qg Qy

Note that the above definitions are equivalent to the conventional ones.
The condition to be a member of T is restated for the case h(K) =1 where O is a PID and so a UFD.
Thus any o € K is factored as
o =£e"py py® - pe,
where p1, .., ps are distinct primes in O and ny; € Z(0 < t < s). The factorization is unique up to the

order of the primes and the redundance of p;'* with n, = 0.

Definition 3.3. Let n be a non zero integer. We use the notation p}t|a for any a € K, if and only if
Pyt occurs in the above factorization with 0 < n < ng or with ny < n < 0. We call a square free if and
only if [ns| <1(0 <t < s).

Lemma 3.2. Assume h(K) =1. Then PSL(2,0) = PSL(2,K)NT.

[proof]. Suppose g = [4} a2] x [2L22] € PSL(2,K) isin I i.e.

a3 oy
(i) agop € Z k=1,---,4 and
(ii) apay € O kil=1,.---.4 k #1.
Then we only need to show that ¢ is in PSL(2,0). The converse is apparent.

(i) Take a prime p € Z. Assume a3 = p~ ™) with ny a positive integer and p fof. Then we have a
contradiction:
Z 3> oaar =p ™aa ¢ L.
(ii) Take a prime p ¢ Z. Assume oy = p~™ ay with n; a positive integer, p fo). Then

Z3>mar=p Mp "aja, so o) =p"al with ! Jof,
O>aiaz =p "ajam, S0 ag=7p"a, with p ' Jab,
O>ajaz =p ™oz, so az=p"ay with p ' Jab,
O35 ayag =p Majay and
O3>aay=p ™alay, so ag=p"p"a) with p~ 5t fo.
Moreover

1= oy — gz = (p™Mp"af) (PP ay) — (P ah) (P ah) = P (af oy — ahaly).

Since p~! fafa) — ahaly, we have ny = 0 which is a contradiction.
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From 1 and 2, a3 € O. The situation is the same for ay(k = 2, 3,4).
q.e.d.
When Nk /q(e) = 1, we put

Note that g. € I'.
Lemma 3.3. Assume h(K) = 1.
(i) If Ngjgle) = =1, then T = PSL(2,0);
(ii) If Nkjg(e) =1, thenT = (PSL(2,0),gc).
JRESIINEY) @ 4
[proof]. Let g = [ N (2”} X [ - ’5‘2)] € SL(2, Kg). We only need to show that the necessary
Qg ay a3
condition for g being in T is

(i) when Ni/g(e) = —1, g€ PSL(2,0),
(ii) when Ng/g(e) =1, g€ (PSL(2,0),g.).

(Sufficiency is evident since PSL(2,0) C T and g. € T.)
Let i,j € {1,2} with i #j, k1€ {l, -, 4} with k # L.
From Theorem 3.1, a,(ﬁl)a,(f) =7, € Z and a(l) (2) eK.
Ifa,(f # 0, then K Ba() (J) )alm , SO

—— € K. (3.1)

Assume here agj ) # 0. Then there exists 'yl(j ) € K such that
ozl(j) = ’yl(j)ozgj), for 1 =2,3,4.

So we have
agj)aff) . agj)agy) _ (’Yij) . 'yéj)’yéj))(agj)))z.

Hence (c)cgj))2 € K. Thus for any k € {1,--- ,4}

(@) e K. (3.2)
From (3.1) and (3.2) we have
oz,(cj)al(]) € K. (3.3)

Since agj)oay) — agj)agj) = 1 and from the hypothesis, we have

25 a0 afad) = (ol — 1)(@Pa - 1)

a“a(])a(“a@ 11— (00 4 aPal).

And from the hypothesis
NK/Q)( ( ) (1)) — Oz(l a( )OZ(J)OL(J) (34)

Hence
TTI@/Q(&Y)OQ(;)) _ a( )a( 1) (J) (J) c7Z. (35)
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From (3.3),(3.4), and (3.5), we have

ag )al(f € O, and likewise aéi)aéi) € 0.

Since (04,(:))2 € K, we may write

Oll(:) = \/@aﬁi) where ﬂ;(:) /(Z) € K, with 5(1)

Summarise what we obtained so far as follows:

product \/BTQ) o ? \/BQT) ol? \/6?2) ol? \/@Tm ol? \/ﬁTl) o/ \/ﬁ?) o) \/@TU o) \/@Tl) oD
\/@ oM z o o o K K K o

B M o Z o o K K o K

B ol o o Z o K o K K
\/@ o o o o Z o K K K

As seen from the table, we may assume without loss of generality
O =60 er, g = (pO)
Then agi)a;jj) = a,(f)a,(j) =71, € Z and

1) Tk (i)
a, = —a,
NK/Q(O/( ))
Since agi)a;(j) = a;(j)a;(i), we have magi)a;(i) = ma; )a; . So we can write
Tk G Q

Nicsglay®)
Since ay)ay) - ozg)agi) =1 for i € {1,2}, we have
B (o] (4) /() a;(i)ag(i)) -1
(B 0Vl — ) =1
Taking the conjugate of the latter expression and comparing with the former we have

()2 = OGO > 0

B >0 and D =44/80 30,

O‘I(ci): /3 O/(i)
ol = (VT = 1T

)

So we have

Then we have by definition

So we may write

= /Bas, oz,(f) =+1/Baj, where B,a}, € K, 3,3>0 and B is square free. (3.6)

We may assume [ and «, are factorized as follows:

8= 560}961 .. .pgsﬁ‘% .. .]TS‘SS’
O‘;e ignkopnkl . pnk;p ZTg”;cs, (3 7)
where pi,---,ps are distinct primes, d&;,0; = 0,1 (0 <t <s), ngy,ny €Z (0<t<s),

8, =ny, =0 for p €Z.
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Since > 0, §p = 0 if Nk g(e) = 1. Since a]il)aéz) € Z, we have

\/5%%672 = \/(z%ﬁ)‘”*‘Si + (pP) O (pr )" T (pp) ™ e € 2, (3.8)
Therefore for any ¢ (1 <t < s) we have the following cases:
(1) If p; € Z and 6,0; = 0, then since p;p; is square free in Z, 6, = d; = 0;
(2) If pr € Z and §; = 6, = 1, then

1= aPal — ool = () - - (@' Val® — o/ VeV

which give rise to one of the following three cases

(A) (pepe) Moyl or (pepr) MoVl

(B) pt_1|0/1(1)0421(1) and 17—1‘0/(1) /(1)

(C) 771|a'1(1)a£1(1) and p; | ) '( ).
These can be reduced to the following cases without loss of generality.
(a) py ‘Pt

(b) p; e and 77 o,

(¢) p; e and Brt|ad.

In case (a), we may write oy = p; 'p; Lo where off € K with p;p; fof and have

=/piPr - py Bt

Then we have a contradiction:

1 —
7> a( ) ( ) _ = +p,Pz - - (pt lpt 1)20/110/1/ €¢ 7.
In case (b), we may write of =p; ‘af,a, =p; ‘o) where of, ] € K with p; fo!, D7 foff
and have

1 — _
( ) = PPt - - Py 10/1/,

=E/pePr Dy oy N
Then we have a contradiction:
03 agl)af) = +(pipz) - p; 2afal] ¢ O.

In case (c), we may write oy = p; ‘ol where off € K with p;|ad and have

O = Vo il
( V= 4/ pita
Then we have a contradiction:

03 aiVa” = £(pipr) - p; *afaf ¢ 0.

Therefore the case p; € Z and §; = §; = 1 is impossible.
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(3) If p, € Z, then ag) = /Pt -}, and

(1)

1 1 1
Mol —alMaf = p, - (afaly — ahal).

l=«

Hence p; !la)a) or p;tlabag. Tt is sufficient to examine the case p; '|a/. In this case we have
o) = p; o, with py Jo!'. So we have a contradiction:

735 aMal? = dp, - p 20l ¢ 7.
Therefore p; & 7Z.

From (1),(2) and (3), we now know 3 = £%. From (3.6), we have

1 1 2 2
_[ap ﬂxlag) of?

9= agm %(11) a§2) af)
_ [(Ve)Rar (VO ah] | [E(VE)*ay +(VEE)*
{\@)500/ ( 5)50041] ) [i(ﬁ)‘s‘)aé i(ﬁf)‘s‘)aij
= 9192 ge,
where
oy e%al o) #%a Ve 0 VE O
P e A VI RV

ge = IQ X (:l:IQ)

Since g, g, 9. € I', we have g; € I'. So from Lemma 3.2, g; € PSL(2,0). By definition if Nk g(c) = —1,
do = 0. g. is the identity in PSL(2, KR).
q.e.d.

Remark 3.2. When h(K) =1 and Nk q(e) = 1, it would be enticing to use the notation PSL(2,0(y/c))
for I'. However it is inappropriate:

14+ 142ye y a+Bye y+dye cT
443/ 5+6.E * x :

Since h € T', we have

Assume h =

L+ Ve)(a+Bve) =+ (a+f)Ve, so B=-a,
1+2Ve)(a—ave) =*+aye, so a=0,
1+2Ve)(v+6ve) =+ (27 +0)Ve, so 6= —27,
L+Ve)(y —29We) =+ — /e, s0 y=0.

Thus we have a contradiction:

Z>(
0> (
Z>(
0> (

| 14+VE 142E 00
h= 443/ 5+6ﬁ}x{* *]QF.

Theorem3.2 and Lemma 3.3 yield the main theorem:
Theorem 3.3. Assume h(K) = 1.
(i) If Nkjgle) = —1, then p’: PSL(2,0) — PO(A,Z)o is an isomorphism;
(ii) If Nig(e) =1, then p': (PSL(2,0),9.) — PO(A,Z)o is an isomorphism.
As for the entire group PO(A,Z), we have

Corollary 3.4. Assume h(K) = 1.
PO(A,Z) is decomposed into four components. Fach of them is the intersection of a connected component
of PO(A,R) and M(4,Z) as follows:
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(i) If Ngg(e) = —1, then
PO(A,Z) = p' (PSL(2,0))Up' (PSL(2,0)) H;
Ul (PSL(2,0)) Hy U f (PSL(2, 0)) H{HY;

(ii) If Nigg(e) =1, then

Corollary 3.5. Assume h(K) = 1.
(i) If Nkjg(e) = —1, then

D(A)/PO(A,Z) = H x H_ UH_ x H/ (PSL(2,0), hy, hy)
~H x H_/(PSL(2,0), hy),
D(A)/PO(A,Z)o 2 H x H_ UH_ x H/PSL(2,0),
D(A)o/PO(A,Z)y = H x H_ /PSL(2,0);

(ii) If Nigjg(e) =1, then

D(A)/PO(A,Z) 2 H x H_ UH_ x H/ (PSL(2,0), ge, h1, h2)
~H x H_/(PSL(2,0), g., ha)
D(A)/PO(A,Z)o 2 H x H_ UH_ x H/ (PSL(2,0), 9.) ,
D(A)o/PO(A,Z)y = H x H_/ (PSL(2,0), g.) .

Remark 3.3. It is well known that the following three conditions are equivalent:

(i) Nkjole) = -1,
(i) For any prime number p with p|d, p =2 or p=1mod 4,

(iii) d is a sum of two squares.

4 Generators of PO(A,Z)

We first give a system of generators of PSL(2,O) for the case d =5 or 8.

Proposition 4.1. Take g = Bl 32] € PSL(2,0) such that ayasazay = 0. Let {1,w} be a basis of
3 0y
O. Then:

mesr=-1 se(s 16 6 )

(ii) When Ngg(e) =1, g€<[(1) ﬂ[(l) ﬂ[g ﬂ[—ol (1)]>
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[Proof]. Note that for any oo = ny + ny w € O with ny,ne € Z ,we have

1 o] 1 1" W)™
0 1/ [0 1 [0 1|

Assume Ng/g(e) = —1. Then we have
Rt A 1l P bt B B et
S R et | R i 3 P S

Assume Ng/g(e) = 1. Then we have

Proposition 4.2. Assume K is a Euclidian domain. Then we have

(i) when Nic/g(e) = -1, PSL(2,0)—<[$ }]B ﬂ[g _14[_01 (1)]>

(ii) when Ny g(e) = 1, PSL(2,0)<[(1) ﬂ[(l) ‘ﬂ[g ﬂ[_ol (1)]>

[Proof]. Let g = {al a2

/ /
a,l 04/2 with o} = 0 or o, = 0 using the Euclidian algorithm for a; and as. Each step of the algorithm
ay o

o o ] € SL(2,0) with ajasazay # 0. Then g can be transformed to ¢’ =
3 Oy

is performed by multiplying from right a suitable matrix in the form B ﬂ or B ﬂ with 3,7 € O.

q.e.d.
We now show that when d =5 or 8, K is a Euclidian domain.

Proposition 4.3. When d = 8, K is a Fuclidian domain w.r.t. the absolute value of the norm.

[Proof]. Take {1,V/2} as a basis of O. For a,b € Q , we have N /g(a + bv/2) = a? — 202,
It is sufficient to show that for any «, 8 € O with 3 # 0 there exists v € O such that |[N(a—87)| < |[N(5)].
Assume % =a+byv2, with a,be Q.
Take v € O such that v = m + ny/2 with m, n € Z satisfying |a —m| < 1and [b—n| < 1.
Then we have

Nicjal§ =) = Nicjal(a+ 0v2) = (m+nv2)) = (a = m)? =2(b =), 3 < Nijal§ =) < 7.
Hence we have
1
|Nijola —By)| = |NK/Q(5)||NK/@(% = < 5Nk /o(B)| < [Ni/o(B)|-
q.e.d.
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Proposition 4.4. When d=5, K is a Euclidian domain w.r.t. the absolute value of the norm.

[Proof]. Take {1, 1+T‘/5} as a basis of O. For a,b € Q , we have Nk g(a + bl+2‘/5) =(a+%)?—3p2
It is sufficient to show that for any «, 5 € O with [ # 0 there exists v € O such that |[N(a—57)| < |N(B)|.

Assume § =a + b1+2\/5’ with a,b € Q.

Take v € O such that v =m + nH'T‘/g with m,n € Z satisfying |a — m| < % and |b—n| < %
Then we have

a 1+5 1++5 b—n 5
Nl —7) = Nijolla+b )—(m+n ) =(a—m+ )> = Z(b—n)*.
3 2 2 2 4
SinceO§|a—m|§%and0§|b—n|§%,wehave
b—n b—n, 3 b—-n.o 9
<la— < la— <2 < (a— <=
0<la—m+ T <lo—ml+ 25 <D 0 @omt SRR
5 5
<Z(h-nP<=
0= 70=n)7<
5 « 9
—— <N — —) < =
6= K/@(ﬁ <16
Hence we have
« 9
INkjgla—By)| = |NK/Q(ﬂ)||NK/Q(B - < T6|NK/@(5)\ < [Nk/o(B)]-

Corollary 4.1. We have a system of generators for PSL(2,0) as follows:
/1] [rov2l [t+v2 o 0 1
pseo= (ol o W[ el )

1 1] [1 5] (5 o 0 1
PSL(2?O)_<|:0 1:|7|: 9 (2) \/52_1 ’ _1 0 .

When d = 5,8, h(K) =1 and Ng/g(e) = —1. So from Theorem 3.3, p’ : PSL(2,0) — PO(A,Z), is
an isomorphism. Thus we obtain a system of generators for PGL(A,Z)y, sending by p’ the generators
for PSL(2,0).

(i) When d =8

(i) when d =15

Proposition 4.5. We have a system of generators for PO(A,Z)o as follows:

(i) When d =38,
11 20 1t =20 —4] [-1 0 0 0 01 0 0
0100/ |0 1 0 0 0 -1 0 0 10 0 0
PO(A’Z)0_<0110’0 0o 1 ofl’'lo o0 -3 —4’00—10>’
00 0 1] |0 1 0 1 0 0 -2 -3 (oo 0 1

(i) When d =5,
112 1] 1t =11 =21 [-1 0 0 0 01 0 0
0100/ |0 1 0 0 1 -1 0 0 10 0 0
PO(A’Z)°<0 1 1 0’0o o 1 0’0o 0 -1 —=1/"l0 0 -1 —1>
00 0 1] |0 1 0 1 0 0 -1 -2/ 100 0 1
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5 Polarized Abelian Surfaces with Real Multiplication

Conventionally the Hilbert modular group operates on H?. The quotient space H?/PSL(2,0) ,after
compactification and minimal resolutions of all singularities, is called the Hilbert modular surface. In
this section, we show that H x H_/PSL(2,0) is more natural than H?/PSL(2,0) as a moduli space of
polarized abelian surfaces with real multiplication.

We put

[d 0 .
D= |:0 d2:| s with d1|d2.

Let O be the dual ideal of O w.r.t. the trace: Trg o(0O0*) C Z
Let a be an invertible O-module of rank 1 with a C O*. We use the following notation:

spar ={secram s G tlu=9 B}
Sp(4,Z, D) = GL(4,2) N [102 g]s (4,R) {0 o } (5.1)

PSLQ(O,a)ZH?; g]ePSL(z,KHmma Bea, vea_l}.

In particular PSLy(O,0) = PSL(2,0). When D = I, Sp(4,7Z,D) = Sp(4,7).
Fix 7= (11,72) €EH2 Let V=C2% L={(z21,20) €V |21 =am + 6,22 =arn+ [ wherea € O, (€ al.
So we have L= O @ a.

For any two points z = (21, 22), 2" = (21, 25) € V, there exist ay, as, /1,32 € Kg such that
z] = 04(11)7'1 + 59), 29 = a§2)7'2 + ﬁ{z), 21 = aél)ﬁ + ﬁ;l), zh = aéQ)Tg + ﬁéz)

We define a bilinear form E(,) on V over C by
E(Z,Z/) :Z( (1)52 )ﬁlz )

If o,eKandB €K (i=1,2), then E(z2") = Tr/glaifs — asf).
Proposition 5.1. (van der Geer [3],p.148) Under the notation above, we have
(i) B(z,2') = 20, (Sm) 718 (z:2),
(ii) E is alternating, non-degenerate, bi-linear and integral on L.
(ii1) E(iz,iz') = E(z,2'),

(iv) E(iz,z) >0

[proof].
(i) We have o
o) = 275 () S, likewise of) = (1) 719z
T — T;
Hence:

B89 — o590 =0l (< — o) — o s — alfr)
=R (a (2 a( )TZ) ozéi)( Zi — aﬁ”n))
—al §Rz 0422)§Rz,»

=(37:) " (SziR2 — 32 RN2;)

(S
=(37:) 7' (2.

18



(ii) F is alternating because
BE(,2) =Y (Sm)7'S(5z) = = >_(S7) 7 'S(2:2]) = —E(z, 7).

E is bilinear because we have for c¢;,cp € R, 2,2, w eV,

2
E(c1z + ¢z’ ,w) = Z(%Ti)_lg((clzl + 22 W) = 1 E(z,w) + o E(2', w).

i=1

E is itegral on L because we have for (a;,3;) € O@a (i =1,2),

E(alT + ﬂl,()éQT +ﬂ2) = TT'K/@(OélﬂQ — 04251) € TTK/Q(OCL) C TTK/@(OO*) C Z.

(iii) E(iz,i2") = Z?Zl(%ﬁ)*l%(iz(iz’)) = FE(z,7).

(iv) E(iz,z) = Z?Zl(%n)_lg(izizﬁ) >0. E(iz,z) =0ifand only if 2 = 0. So F is also non-degenerate.

q.e.d.
In this way V/L becomes a polarized abelian surface A(7, O @ a) with E, a Riemann form on V w.r.t.
lattice L. We call A(1,O @ a) a polarized abelian surface with multiplication by O.

We use the notation
z 0
O(x) = [0 x} for z e K.

Proposition 5.2. (Shimizu [9],p.231 Theorem?7.3) A(7, O @ a) is isomorphic to A(7',O @ a) if and only
if there exists g € PSLo(O, a) such that 7 = g[7'].

[Proof]. In this proof, let an element in V' = C? be represented by a column vector z = (?)
2

We can write

and let
, 7 1
v =200 (%) + 000 (1)
Let
0:V/L—V/L
be an isomorphism, and let
0: V-V

be a linear transformation which represents 6. Since 6 is an isomorphism, © is commutable with ®(«)(a €
K). So© = [ @?2] (01,05 € C). There exist k;; € K (4,7 = 1,2) such that

o) () o).
o G) — O (ko) (:) + B(r22) G) .

_|R11 Ri2
g = .
K21 K22

Let
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Since ©L C L', we have for (o, 8) € O D a

©L>0 [é(a) <71> ,2(83) (m = 0[®(a), ®(3)] :1; = [®(a), D(3)] Z%))

So (o, B)g € O @ a. ie., (ODa)g C O@a. On the other hand, since 'L’ C L, (O@®a)g~! C O a.
Hence

O®a)g=0aa. (5.3)

Let E(E’) be the Riemann form of V/L(V/L'resp.). Since the isomorphism 6 preserves the value of the

Riemann form, we have for any (a1, as), (b1,b2) € O ®a

Tre <<a1,a2> [_1 ] ( )>

= TT‘K/Q(Gle — agbl)

e 5 s 3 0 7))

(oo (g)oma () 2 (om () e 1)

_ B ((b(al)(a (:1> + ®(a2)0 G) LB (b1)© < ) + B(by)O ( ))

_ (@(al) (@(ml) (2) + B(r12) G)) + ®(as) (cp(@l) (é) + B(122) G)) ,
o (o (3 - () o () e (1)

= Trro((a1k11 + agkar)(bikia + bakaa) — (a1k12 + azkaz)(bik1r + bakar))

0 1 (bik11 + bakoy
(a1k11 + a2ke1, a1k12 + a2K22) —1 0| \bykig + by

— Ty (a1,a K11 Kiz| | 0 1| |kK11 Kol (b1
K/Q b 2 R21  R2 —1 0] |K12 Koo bo ’

(
0 t 0 K11K22 — K12K21 0 1
= . 5.4
g [ 1 ] [ (K11K22 — Ki2k21) 0 ] {—1 O} (54)

Hence

From (5.3),(5.4), we have
g < PSLQ(O,G)

st T _ (7 o
:g<11)7 @2(12> :g<12)7 where g:[K/’L]]z]

(r1,72) = gl(71, 73)]-

From (5.2), we have

(3

Therefore

q.e.d.
Hence the isomorphism classes of {A(7,O @ a) | 7 € H?} are parameterized by H?/PSLy (O, a).
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On the other hand, an abelian surface with polarization [7OD g } is by definition the quotient space

V/L' with Riemann form F where L is a lattice generated by wuy,us, us, us € V satisfying

0 D ..
[E(uiauj)]ij: |:—D 0:|a (Z7j:17"'a4)'
The Siegel upper half-space of degree 2 is by definition G, = {Z € M(2,C) | 'Z = Z,3Z > 0}. The
action of Sp(4,R) on &, is defined as follows:
For G = [ﬁ; ﬁﬂ € Sp(4,R) with A;(i =1,---,4) being a 2 X 2 matrix and Z € Ga,
G[Z) = (A1Z + Ap)(AsZ + Ay) ™.

As is well known, the isomorphism classes of abelian surfaces P(Z, D) with polarization LOD b ] are pa-

rameterized by Ga/Sp(4,Z, D). We now construct an embedding from H?/PSLy (O, a) into &2/Sp(4,Z, D).

Lemma 5.1. Suppose a = Zdyw] + Zdow} in terms of a suitable basis {wf,wh} of OF which is dual to
a basis  {w1, w2} of O and di|ds. Let a* be the dual of a w.r.t. the trace.
Then a* = Zdy 'wy + Zd; "ws.
[proof]. Let @ € O* and o = c;w) + cow}. Then we have
aca’ <= forany fca Trglad)cZ
g TTK/@(adjw;) S/ (] = 1,2)
= diTrgglow;) €Z (j=1,2).
Here
2
Tr glaw)) = ZciTTK/Q(u}iw;—) =¢j.
i=1
Hence ¢; € dj_lz.
q.e.d.

Lemma 5.2. Set here {wy, w2} = {1, d+2‘/a}, {wi,wh} = {172\/E,§}. We can write a = O*t with

t =njwy +ngwe € O. Then O Ja = Z/Zdy x 7] Zdy where dy = g.c.d.(n1,nz), dids = |[Ngq(t)].

[proof]. Let {u1,u2} be a basis of a such that u; = tw], ugs = twh. Then we have

ny no
Ui, ug) = (twh, twh) = (W), wh)F, where F = _ )
(u1, uz) = (twy, twy) = (wy, wy) [_d(d4 Yo nq -+ dng

The determinant of F' equals N /q(t):

M0 13 = Nicjo(@)/Ni/o(07) = Nicsald)

By multiplying from right a suitable unimodular matrix T, F' changes to the form

T — [g.c.d.(nl,ng) 0] _

* *

|F| = n? + dning +

T=T --T; where T;(1 < i <t) € GL(2,Z) and each T; performs a step of the Euclidian algorithm on
ni1,ny or an exchange of the columns. Since the lower elements of F'T represented by * is a multiple of
g.c.d.(n1,mn2), by multiplying from left a suitable unimodular matrix S € GL(2,7Z) we finally get

_ |g.c.d.(n1,n2) 0
SET = PO )

Let {u/,u}} be a basis of a such that (u},u)) = (u1,us)T. Let {w! wy} be a basis of O* such that
(wf,wy) = (wll,w'g)Sfl. Then we have

(uy,up) = (wy, wy) SFT.

q.e.d.
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Proposition 5.3. (van der Geer [3],p.148) Let f be a map
f: B — &2

0
z2=(21,22) —» W {201 22} w.

Let ¢ be a homomorphism

o: PSL(O,a) — Sp(4R)
I R VAR i
Then f and g are well defined and £(g[2]) = (o) [f(2)].
[Proof]
(i) f(z) =t f(2) is obviou %f(z)zwﬁ) CJP] W > 0. Therefore f(2)
(i) Wesshow hat pla)| ¢ et = | G, B:
I N R N Ak
D(a) 2(B)| [ 0 L [2(a) 2B)]_ [-2(B) ()] |[2(a) (B
[@(7) ¢’(5)] [—12 0} {‘I’(V) @(5)} —®(9) ‘1)(7)} {‘I’(V) @(5)}
_ [—2(B)2(a) + P(a)2(B) —2(B)P(7) + ()@ (9)
—2(6)2(a) + 2(7)P(a) —P(6)P(7) + D(7)P(6)
4
CRE| K| FA S | PR O
(iif) Let 2" = g[z]. We show that ¢(g)(f(2)) = f(2'):
O L A R e G T g e PR
® 25 0 =|| = ("W o + Mo 2|
B Ea N CRIFRMEL R COI FMERL)
_ [a210+ﬂ o 5] [’yzloJré 7220+ (5]‘
.
0 2
5l vl Y

[3],p.148) There exists an embedding

Lemma 5.3. (van der Geer

H?/PSLy(0,a) — &3/Sp(4,Z, D).

[Proof]. We use the notation of Lemma 5.1 and Proposition 5.3. Let v be an automorphism

v: 62 — &2
Z +— ZD7
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Let ¢ be a homomorphism
¢: Sp(4,R) — 5Sp(4,R)
¢ o= [102 g}Gﬁ)Q Doll
It is obvious that v(G[Z]) = ¢(G)[v(Z)]. Hence (v o f)(g[z]) = (¥ o )(g)[(v o f)(2)].
We show that (¢ o ©)(PSLy(O,a)) C Sp(4,Z, D):

W (o)W1 Wo(3)tWD!

¢ o Qﬁ(g) = DtW_ch)(’Y)W_l DtW_1CI)(5)tWD_1:| s where

Wo(a)W! =

[wiaw] + wiaw]  wiowh +wiaw)
| woow)] + woow]  waawl + wocwl
= [TTK/Q(wZan)]” S M(Z,TTK/Q(OO*)) = M(Z,Z),
t 71__101 wy 59 w1 w2 dfl 0
WeB WD = | w2 wJ {0 6] [wl wg] [ 0 dyt
_ [wp wlﬂ] [dflwl d2_1w2]
(woB wefB) [dy oy dy g
_ wlﬂdl_lwl + wlﬂdflwl wlﬂdglwg + wlﬁdglwg
_wgﬂdflwl + wgﬂdflwl wgﬂdglwg + wgﬁdflwg
= [Trijo(wifid; w;)lij € M(2,Trg o(Oaa”)) = M(2,Z),
_ _ (dy 0] [w), w| 0] [w] w}
t 1 1_ &1 1 1| Y e )
ot =[5 o] [ w8 A

[dyw) dlw’l] [710/1 'ywﬂ

! ! / /
|dowy  dowd | [YwW] Yws

[dywiyw) + diwjyw|  dyw|ywh + dyw|ywh
[dawhyyw) + dywyyw]  dywhywh + dawhyw)
= [TrK/Q(dzwﬂw])]” € M(2,TTK/Q(GG710*)) = M(2, Z),

torta ot  [di O] Jwy wi] [§ 0] [wr wsa] [dit 0O
DW= e@)wD _[0 do| |wh wh| |0 6] [wr wz) | 0 dyt

[dlw’l dlw’l} [5 0] ldllwl dzle]

dQU}é dgwé 0 3 dl_lwl dz_lwg
= [TTK/Q(dlw;(de_le)]U S M(2,T7‘K/@(a(9a*)) = M(2,Z)

Since the kernel of v o f is null, H?/PSL(O, a) — G2/Sp(4,Z, D) induced by v o f is an embedding.
q.e.d.

Lemma 5.4. (i) If there exists t € O such that a = O*t, Ngq(t) <0, then
H?/PSL(2,0) = H?/PSLy(0,q).
(ii) If there exists t € O such that a = O*t, Ngqg(t) >0, then
H?/PSL(2,0%) = H?/PSLy(0,a).

(iii) If Nkjg(e) = —1, then
H?/PSL(2,0) = H?/PSLy (0, 0%).

[Proof].
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(i) Note that O = VdO*. Let s =
al=0s"1

Let o be an isomorphism

_t
7

o: H? — H?
z=1(z1,22) — w=(sz1,822).
Let A be a homomorphism

A: PSL(2,0) — PSL3(0,a)

B ﬂ {vsa‘ ' %1

o 4#)-5(; oo

Then we get

(ii) We may assume that ¢ > 0 and 7 > 0. We have (0*)~! =/dO, a=' = OVdt~.

Let ¢’ be an isomorphism
o: H? — H2
z2=(21,22) — w=(tz1,t22).
Let A’ be a homomorphism with «, 3,v,0 € O
AN PSL(2,0) — PSLy(0O,a)

Q [3\/8_1 Q ﬂ\/g_lt
Wd 6 yVdt=1 s |

Then we get

(iii) Let a = 0" in (i).

Lemma 5.5. (van der Geer [3],p.152) H x H_/PSL(2,0) = H?/PSLy (0, 0%)
[Proof]. Let ¢’ be an isomorphism
o HxH ' — H
z2=1(z1,20) — w= (\/gilzl, —\/gilzg).
Let A” be a homomorphism
A": PSL(2,0) — PSLy(0O,a)

2w )

(O B

Now for a paramodular symplectic group, we obtain the following theorem:

Then we get
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We may assume ¢t > 0. Then s,5 > 0. We have a = Os,

q.e.d.



Theorem 5.1. Take {w;, w2} = {1, d+2\/a} as a basis of O. Then we have the following:

(i) If there exists t = njwy + nows € O such that Nio(t) = —dida and g.c.d.(ni,ns) = dy,
then there exists an embedding H?/PSL(2,0) — &4/Sp(4,7Z, D).

(ii) If there exists t = nywy + nawy € O such that N o(t) = didy and g.c.d.(ny,n2) = di,
then there exist
(A) an embedding H? /PSLy(0,0%) — G&3/Sp(4,Z, D) and
(B) an embedding H x H_ /PSL(2,0) — 65/Sp(4,Z, D).

(iii) If Nk /q(e) = —1, then the conditions of (i) and (ii) are equivalent.
In particular for the case d; = do = 1 we have

Corollary 5.1. (i) If there exists t = nywi + npws € O such that Ngq(t) = —1, then there exists
an embedding H? /PSLy(0,0) — G2/Sp(4,7Z).
(i) There exists an embedding H x H_/PSLy(O,0) — &5/Sp(4,7Z).
[proof]. If N q(t) = (nqw1 + ngws)(n1wy + nawz) = N jg(wr)nd + tr(wiwz)ning + N jg(wa)ng =
+1, then g.c.d.(n1,nq2) = 1.
q.e.d.
Therefore we know that H x H_/PSL(2,0) is always embedded into &5/Sp(4,Z). On the other
hand, it is conditional for H?/PSL(2,0) to have an embedding in this way.

6 K3 Surfaces

It is known that L = —Es @ —Es @ U @ U @ U is the cohomology lattice of K3 surfaces where

2 0 -1 0 0 0 0 0
0 2 0 -1 0 0 0 0
-1 0 2 -1 0 0 0 0
B |0 -1 -1 2 -1 0 0 0
0 0 0 -1 2 -1 0 0
0 0 0 0 -1 2 -1 0

o 0 0 0 0 -1 2 -1

0 0 0 0 0 0 -1 2|

L is even and unimodular. D?%(£) is the period domain of the family of all K3 surfaces and the period
map is surjective, i.e., all points of D?°(L) occur as period points of K3 surfaces ([1],p.339 Corollary14.2
and see p.372).

In general, we have

Proposition 6.1. (Barth [1],p.28 Theorem 2.9) Let L be an even unimodular lattice containing a sub-

k
lattice isometric to ® U and let M be any even lattice.
If rank M < k, then there exists a primitive embedding i : M — L, i.e., i is a lattice monomorphism and
i(M) is primitive.
Since
(21, 22) (=WU W) (21, 20) = —2Ngg(wizy +wary), for xy,25 € Z,

—WU'W is even and identified with a primitive sublattice of U & U. Hence A = U & (—WU'W) is
a primitive sublattice of £ and D(A) becomes a period domain of a family F4 of K3 surfaces with a
transcendental lattice A for a generic member. Then D(A)/PO(A,Z) becomes a a moduli space of the
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family F4. In fact, a matrix P in PO(A, Z) represents a basis change of the cohomology class space and
an orbit PO(A,Z)n of n € D(A) represents an identical member of F4.

From Lemma 5.4, 5.5, on the condition that there exists ¢ € O such that Ng,q(t) = —1, we have
H?/PSL(2,0) 2 H x H_/PSL(2,0). As shown in Corollary 3.5, H x H_/PSL(2,
natural than H?/PSL(2,0) in view of the correspondence with D(A)/PO(A,Z).

In summary, the correspondence among surfaces are shown in the diagram below:

0) is again more

Jac

{Bl} —= {[P(2, D)} —=. &5/5p(4,2)

J J

{[A(r,0 ® 0*)]L.™=, Hx H_/PSL(2,0)

J

Fa T~ HxH_/<T,hy >=D(A)/PO(A,Z),

where Z € &y, T€H?, J = [fJIQ 102]7
[[]: the isomorphism class of -,
Y5: a closed Riemann surface of genus 2,
Jac: the Abel-Jacobi map,
P(Z,J): a polarized abelian surface with principal polarization J,
A(1,0 @ O*): an abelian surface with multiplication O and with a lattice isomorphic to O & O*,

Fa: a family of K3 surfaces with transcendental lattice A for a generic member,

[ PSL2,0) if h(K)=1,Ngqle)=—1,
| PSL(2,0) U PSL(2,0)g. if h(K)=1,Ngg(e) =1,

ho HxH_ — HxH_
(zw) = (1w, 1/2).
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