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Abstract. We consider an abstract formulation for a class of parabolic quasi-variational
inequalities or quasi-linear PDEs, which are generated by subdifferentials of convex func-
tions with various nonlocal constraints depending on the unknown functions. In this
paper we specify a class of convex functions {¢(v;-)} on a real Hilbert space H, with
parameters 0 < ¢ < T and v in a set of functions from [—dy,T], 0 < Jp < oo, into H, in
order to formulate an evolution equation of the form

u'(t) + 0 (u;u(t)) > f(t), 0<t<T, in H.

Our objective is to discuss the existence question for the Cauchy problem.

1. Introduction

For positive numbers &y, T, we are given sets V(—dp,t), 0 < t < T, of functions
from (—dp,t) into a real Hilbert space H and a family {¢®(v;-)}o<s<: of proper, lower
semicontinuous convex functions ¢®(v;-) with parameters s € [0,t¢] and v € V(—dy,1);
here ¢*(v;-) continuously depends upon v € V(—dp,%) in a certain nonlocal way (see
section 2 for the detail definition). We consider a nonlinear evolution equation of the
form:

u'(t) + 00" (w;u(t)) 2 f(t), 0<t<T, in H, (1.1)

subject to the initial condition

U(t) = Uo(t), — 50 <t< O, in H, (12)

where d¢'(u; ) is the subdifferential of convex function ¢'(u;-) on H, v/ = % and u :
[—00,0] — H and f : (0,7) — H are prescribed as the initial and forcing functions,
respectively. This is a sort of functional differential equations generated by subdifferentials
of ¢'(v;-) with a nonlocal dependence upon v. The objective of this paper is to specify

a class of convex functions {¢*(v;-)}o<s<: as well as its nonlocal dependence upon v €
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V(—do,t) in order that Cauchy problem {(1.1),(1.2)} admits at least one local or global
in time solution wu.

Variational problems are often called “quasi-variational problems”, when the con-
straints depend upon the unknowns. The stationary cases have been dealt with in many
papers, for instance, [2,5,10,13,14], but there are not so many papers dealing with the
time-evolution problems, because it is not expected for solutions to have much regularity
in time. We recall some papers [11,15,16] for time evolution quasi-variational inequalities.
In papers [11,16], the so-called monotonicity property of the mapping v — ¢*(v;-) is used
as one of key tools in their treatment. However, the monotonicity property is too re-
strictive in many important applications, as examples of section 5 suggest. They evolved
the theory of quasi-variational evolution equations with a concept of weak solutions. Our
main theorems (Theorems 3.1, 4.1 and 4.2) of this paper ensure the existence of strong
solutions without assuming the monotonicity property of the mapping v — ¢*(v;-). A
similar attempt was made in the paper [15] for an evolution problem arising in the theory
of semiconductor.

The solvability of evolution equations of the form (1.1) seems delicate, as a simple
example shows below. Let us consider a scalar evolution equation

u’(t) + 81[2u(t),oo)(u(t)) 51, 0<t<T, (1.3)

where Ij3, o) is the indicator function of the real interval [2v, 00) and 01, ) is its subd-
ifferential, namely

0 if 2> 2v
0, if z > 2v, . ’ e
Ti20,00)(2) 1= { o, if 2 < 20, O20,00)(2) = é)—oo,()], i j ; ;z, (1.4)

Any solution u of (1.3) satisfies that u(t) > 2u(t), hence u(t) < 0. Also, because of (1.4),
u'(t) > 1, if (1.3) holds at time ¢. Therefore, when the initial condition is u(0) = 0, (1.3)
has no solution, since u(t) > 0 for any ¢t > 0. This is an example which shows that the
Cauchy problem has no solution, even if the mapping v — ¢'(v;-) is regular enough.

In this paper we shall specify a class of {¢*(v;+)} of convex functions on H and give
a nonlocal dependence of {¢®*(v;-)} upon v in oder that the Cauchy problem (1.1)-(1.2)
has a local in time solution or more restrictedly a global in time solution.

The solvability of problem (1.1)-(1.2) is based on that of evolution equations generated
by the subdifferebtials of time dependent convex functions () of the form:

u'(t) + 0t (u(t)) > f(t), 0<t<T,in H (1.5)

subject to the initial condition u(0) = wg. Therefore, prior to (1.1)-(1.2) we shall recall
the important class of 1*(-) which guarantees the well-posedeness of Cauchy problems for
equation (1.5). The main part of this theory was evolved in [3,7,8,17].

As a typical example of equation (1.1), we apply our theorems to the following system



of inequalities:

u — Au > f(x,t) on Q:=Q x (0,7),
u Z kc(u) ) ) on Qa

(uy — Au — f(z,t))(u — ke(u;-,+)) =0 on Q, (1.6)
0 0
8—:; >0, a—:;(u—kc(u;-,-)) =0 on X:=90 x (0,T);

here  is a bounded smooth domain in R, f is a given function on Q, k. is a integral
mapping of the form:

k(v x,t) = /_1 /Qp(x —y,t —s,v(y, s))dyds, (1.7)

where p is a smooth function with respect to all the variables on RY x R x R. The above
system (1.6) is reformulated as a parabolic variational inequality of the form:

u € Wh2(—=6, T; L*(Q2)) N L>(—0o, T; H(Q)) with u > k.(u;-,-) a.e. on Q;

/{ut(u —w) + Vu-V(u—w)}dedt < / [z, t)(u — w)dxdt, (1.8)
¢ VYw € L*(0,T; H'(Q)) with 5 > ke(u;-,+) a.e. on Q.

In the system (1.8) the constraint k. = k.(u; -, -) depends upon the unknown u. Moreover,
it is easy to check that (1.8) is written in the form (1.1) by using the following convex
function ¢*(v;-) on H := L?*(2) given by

1
—/ |Vz|’de,  if z € HY(Q), 2z > k.(v;-,s) a.e. on Q,
P (viz) =9 2Ja
400, otherwise .

Thus equation (1.1) is an abstract formulation which includes a class of parabolic quasi-
variational inequalities.

(Notation and fundamental concepts)

In general, for a given real Banach space X we denote by | - |x the norm in X.

Throughtout this paper, let H be a real Hilbert space with inner product (-, )y and
norm |- |g. Given a proper, lower semi-continuous (l.s.c.) and convex function ¢ (-) on H
we use the usual notation:

o D) :={z€ H;¥(z) < oo} (effective domain).

e 0 is the subdifferential of ¢, which is a (multivalued) mapping in H and defined
by
P EN(2) = (" v—2)g <YP(v) —P(z), YweH

with domain D(0v) := {z € H;0¢(z) # 0}(C D(v)).

w



There is an important concept of convergence for convex functions, which was intro-
duced by Mosco [12] in order to characterize the convergence of solutions to variational
inequalities. Let {t¢,} be a sequence of proper l.s.c. and convex functions on H. Then it
is said that 1), converges to a proper, l.s.c. and convex function ¢ on H in the sense of
Mosco, if the following two conditions (M1) and (M2) are fulfilled:

(M1) liminf ¢, (2) > ¢(z) for every z € H.

(M2) For each z € D(%) there is a sequence {z,} in H such that z, — z in H and
Un(2n) — ¥(2) as n — 0.

We refer various basic properties about convex functions to monographs [1,4,9].

2. A class of time-dependent convex functions

Given a family {¢'} := {¢'}o<;<r of time-dependent proper, lL.s.c. and convex func-
tions vt on H for a positive finite number 7', let us consider an evolution equation gener-
ated by the subdifferential 9¢* in the following form:

©P) { Z/((g)) —:i- 22&75%(2? > f(t), 0<t<T, in H, (2.1)

where f and wg are respectively prescribed in L?(0,T; H) and H. We say that u is a
solution of (C'P) on [0, T, if u € C([0, T); H)NW.L2((0,T); H), ) (u) € L'(0,T), u(0) =
up and f(t) — u'(t) € Yt (u(t)) holds for a.e. t € (0,7). When the data {¢'}, ug, f are
explicitly indicated, (C'P) is denoted by (C'P; {¢'}, ug, f).

Now, we specify a class of families {¢'} of time-dependent convex functions on H
so that problem (2.1) admits a solution. Let {a,} = {a,;0 < r < oo} and {b,} =
{b,;0 < r < 0o} be subsets consisting of non-negative functions in L?(0,T") and L*(0,T),
respectively. Then we define the class G({a,},{b.}) of {¢/'} as follows.

Definition 2.1. We denote by G({a,}, {b,}) the set of all families {¢)'} := {¢*}o<i<r of
proper (i.e. not identically 00), l.s.c., non-negative and convex function ¢(-) on H satis-
fying that Vr > 0, 0 <Vs <Vt < T, Vz € D(¢*) with |z|g <r, JZ € D(¥") such that

|Z — 2zl < / a,(7)dr(1 +w8(z)%), VH(Z) — () < / b (T)dr (1 + ¥°(2)).

We may assume without loss of generality that a,, b, are non-decreasing with respect
to r > 0, namely a,, > a,,, b, > b, a.e. on [0, 7], if r; > ry. If the time interval [0, 7] is
required to indicate explicitly, we denote G({a,}, {b.}) by Gpr({ar}, {br}).

Furthermore, let {M, }o<,<o be a family of non-negative numbers. We then put

G({M:}) = U G({ar}, {0r}); (2.2)

IaT|L2(07T)§MT‘7 ‘bTILl(OyT)SMT70§VT<OO

this is denoted by Gio.71({M,}), when the interval [0, 7] is indicated explicitly.
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We recall an existence-uniqueness result on (C'P).
Theorem 2.1.(cf. [3,7,8,17]) Assume that {¢'} € G({a,},{b.}). Let f € L*(0,T; H) and
ug € D(¢°). Then, (CP) has one and only one solution u on [0,T] such that

Vi € LX(0,T; H), sup t!(u(t)) < oc.

0<t<T
Moreover, if ug € D(1°), then

u' € L*(0,T; H), sup ¥'(u(t)) < oco.

0<t<T

We recall briefly the proof of the above theorem, since the key ideas for the solvability
of our quasi-variational evolution problem (1.1) are found there.

The construction of a solution of (2.1) is made by showing the convergence of the
solutions uy of the following approximate problems, with real parameters A € (0, 1], as
Al O:

uh () + Ok (un(t)) = f(t) in H for a.e. t € [0,T], (2.3)

with initial condition uy(0) = ug, where 1% is the Moreau-Yosida approximation, i.e.
Vi (v) := inf i|v — 2|5 +¥(2) Vv e H.
A zeH | 2\ H ’

In order to get the uniform estimates for approximate solutions u, with respect to
A € (0,1] we derive the following key inequality from the time-dependence condition on
¥'(+) mentioned in Definition 2.1:

%wi(w(t)) — (09A(ua(t)), ur (1) (2.4)

< ar (1) 0V (ua ()[R (ua(£)? + 1) + b (B (W (ua() + 1), ace. t € [0, T,

for any r > |u/\’L°°(O,T;H)-
First of all, taking the inner product of the both sides of (2.3) and u,(t) — h(t) for any
function h € W2(0,T; H) with ¢)(h) € L*(0,T), we have

d (1

LB O = O 1O} + (0K - [+ ) @5
< UA(h(t) = (f(t),h(t))m, ae.t €[0,T];

note here that the existence of such a function A is also shown from our condition on

the time-dependence of ¢'(-), ie., {¢'} € G({a,},{b-}), mentioned in Definition 2.1.

Applying the Gronwall’s lemma to (2.5) yields an inequality of the form

T
x| T e 0.7 1) +/ 5 (ux(t))dt < Ry (Juolg + | fle20min) » YA € (0,1], (2.6)
0

where Ry () is a non-negative and non-decreasing function from [0, c0) into [0, c0) which
depends only on the class G({ M, }).



Next, taking the inner product of the both sides of (2.3) and v, we obtain that

s ()3 + (0% (ua(7), WA (7)) = (F(7),uh(7))mr, ae. 7 € (0,T).

Using inequality (2.4) in the above relation, we see for any r > Ry (|uo|u + | flr207m))
that

LUS(uam)) + (I < B ()W) 1), ae e (0.T), VA€ ©0,1], (27)

where
ke(7) =6 (Ja,(7)]” + b (T)| + [ f(T)|F) . ae. 7 €[0,T]. (2.8)
Further, multiplying the both sides of (2.7) by 7, we get

LS un(r))} + S (7)< (rholr) + DS r(r) +1) (29)

a.e. 7€ (0,T7), VA € (0,1],

From these inequalities (2.6), (2.7) and (2.9) we see that {uy} is bounded in W2(0,T; H)
and {¢%(uy)} is bounded in L*°(0,T), and moreover by the usual monotonicity argument
that uy converges to the solution u of (CP) as A | 0 in the sense that

uy — u in C([0,7T]; H), weakly in W"2(0,T; H),

Oa(uy) — € in L2(0,T; H), &(t) = f(t) —u'(t) € 0v'(u(t)) ae. t € (0,T).

Accordingly, integrating energy inequalities (2.7) and (2.9) in time and letting A | 0, we
obtain the following estimates for the solution u of (C'P):

|U|Loc(0TH / O (u(t))dt < Ry (Juola + | fl20,m5m)) 3 (2.10)

U u(t)) — ) + 3 / Wdr < [ RO @) a2

tt(u(t)) — s (u(s)) + %/ T/ (1) |fdr < / (Tk.(7) + D)W (u(r)) + 1)dr, (2.12)

S S

forall s, t with 0 < s <t<T and all r > R, (|u0|H + |f|L2(0,T;H)) .
The results mentioned above are summarized in the following theorem.

Theorem 2.2. Let G({M,}) be as given by (2.2). Then we have:
(i) For each positive number py there is a positive constant Py, depending on G({M,}),
such that

i~ + Vit + s i) + [ oaene<n @1

for every solution v of (CP), whenever |ug|g + | f|r20.1m,m) < P1-
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(ii) For each positive number ps there is a positive constant Py, depending on
G({M.,}), such that

|u/|2L2(0,T;H) + OiltlfTW(u(t)) <P (2.14)

for every solution u of (CP), whenever |ug|m + ¥°(uo) + | f|r2(0.1:m) < D2-

In construction of solutions of our quasi-variational evolution equations the next con-
vergence theorem plays an important role together with the above Theorem 2.2. Our
result is based on the concept of convergence of convex functions due to Mosco.

Theorem 2.3. Let {¢\} be a sequence in G({M,}) and {ug,} and {f,} be sequences in
H and L*(0,T; H), respectively, such that

(a) V! converges to ' on H in the sense of Mosco as n — oo for every t € [0,T], where

{¥'} is a family in G({M,}).

(b) ugn € D(0), ug € D(W°), uno — ug in H, and f, — f in L*(0,T; H) as n — oo.
Then the solution u, of (CP;{yL}, uon, fn) tends to the solution u of (CP;{¢'}, ug, f) in

the sense that

u, —u in C([0,T]; H), Vtu, — Vtu' weakly in L*([0,T]; H), (2.15)

T T
/ U (u,)dt — / Y (u)dt as n — oc. (2.16)
0 0
Moreover, if {¢°(uo,)} is bounded, then

ul, — ' weakly in L*([0,T); H), ¥ (u,(t)) — ¥'(u(t)) for a.et€[0,7].  (2.17)
For the detail proofs of Theorems 2.1, 2.2 and 2.3, see [8; Chapter 1].

3. Local existence result

In order to formulate functions ¢'(v;-) precisely we introduce a time-independent,
non-negative, proper, l.s.c. and convex function g(-) on H such that
(po) the set {z € H;|z|g <1, ¢o(z) <r} is compact in H for each r > 0.

Let ¢ be a fixed positive number and 7" > 0 be a finite time. For each ¢ € [0, 7] we define
a closed convex subset V(—dg,t) of Wh2(=d,t; H) by

V(—=bo,t) := {v; Vi_5,,9(v) < 00} (3.1)
with
Ve (v) = sup_ o(v(s)) + [0(0) 7 + V12— g0 1:1) (3.2)
—00XS8>

where v'(t) = dzsf).

Now, to each v € V(—0o, t) a family {¢©°(v; ) bo<s<: of functions ¢*(v; ) on H is assigned
such that




(®1) ¢*(v; z) is proper, l.s.c., non-negative and convex in z € H, and it is determined
by s € [0,t] and v on [—dy, s]; namely, for vy, vy € V(—dy,t), we have ¢*(vy,) =
©*(vg, ) on H whenever v; = vy on [—dy, $;

(P2) v*(v;2) > wo(z), Yv € V(—=0dp,t), 0<Vs<Vt<T;

(®3)If0 <5, <t <T, v, € V(=00,1), Sup,en Vi—s0,0(vn) < 00, s, — s and v,, — v in
C([=bo,t]; H), then ¢*(v,;-) — ¢*(v;-) on H in the sense of Mosco.

We give the definition of solutions for evolution equation (1.1).

Definition 3.1. Let ug € C([—0,0]; H) and f € L*(0,T; H). Then we say that u is a
solution of the Cauchy problem

W (t) + 0pt(u;u(t)) > f(t), 0 <t <T,

C P(uy,

( ’ f) { U= Upg On [—50,0]

on [0,T], if u satisfies that u € C([~8,T]; H), u = ug on [—&,0], u € WH(§,T; H)
for every (small) 6 > 0, O (u;u(-)) € LY(0,T) and f(t) — u'(t) € O (u;u(t)) for a.e.
t e (0,7).

Next, in order to formulate our local existence result for C'P(ug, f) we introduce the
following function spaces: given any function ug in V(—dp,0), 0 < R < oo and t € [0, 77,
we put

V(ug; —do,t) == {v € V(—bo,t);v = up on [—dyp, 0]}, (3.3)

and

Vi (ug; —do, t) 1= {v € V(ug; —do, t); sup {goo(v(s)) + |U’|2LQ(078;H)} < R} : (3.4)

0<s<t

We are in a position to state a local existence result for problem CP(uq, f).

Theorem 3.1. Let 0 < T < oo and ug € V(—0dp,0) with ¢°(ug;ug(0)) < oo. Assume
that there are positive numbers Ty < T and R > ¢°(ug;uo(0)), a family {M, }o<r<oo Of
positive numbers M, and a set {{¢"(v;)};v € Vr(uo; —00,To)} of families {¢"(v;-) bo<i<ny
of convex functions satisfying the following condition (*):

(*) There are two families {al;v € Vg(up; —do,1p),0 < r < oo} of non-negative
functions in L*(0,Ty) and {b%;v € Vr(up; —do, Tp),0 < r < oo} of non-negative functions
in L'(0,Tp) such that

(H1) |a¥|r2(0,m) < M, and b} |01y < M, for allr > 0 and all v € Vg(uo; —6o, 1), and
{¢'(v;)} € G({al}, {b2}) for all v € Vr(ug; —do, To);

(H2) for each finite r > 0 and € > 0 there is a positive number §,. > 0 such that

5T€
/ (@2(7)2 + B(r))dr < &, Yo € Va(uo: —o, To).
0



Then, for each f € L?*(0,Ty; H), problem CP(ug, f) has at least one solution u on an
interval [0, T"] with 0 < T" < Ty such that u € V(=0o,T"; H) and supgc,<p ' (u;u(t)) <
0.

In the rest of this section we give a proof of Theorem 3.1. Let v be any element in
Vr(uo; —00,To). Then, by (H1), {¢'(v;)} € G({a7},{b7}) with [a][r20m) < M, and
671 (0,7) < M, for all 7 > 0. Now, consider the problem

{ ' (t) + 0¢t(v;u(t)) > f(t), a.e. te|0,To,
u(0) = ug(0).
By virtue of Theorem 2.1, this problem has a unique solution u € W'2(0,Ty; H) such

that supg<,<q, ¢ (v;u(t)) < co. On account of (ii) of Theorem 2.2 we have the following
uniform estimates with respect to v € Vg(ug; —do, Tp):

|u'|%2(07TO;H) + 021<pT @' (v;u(t)) < Py, hence |u] 0,10y < |tolu + /ToPs =: 1o,
U140

(3.5)

where P, is a positive constant independent of v € Vg(ug; —do, 1o)
Moreover, we have:

Lemma 3.1. Let 7y be a positive number such that R > ¢°(ug;uo(0)) + 70. Then there
exists a positive number Ty such that

P (00(8)) + o Bago vy < (3 u0(0)) + 70, VE € [0,T3), (3.7
for any v € Vg(ug; =9, To) and the solution u of (3.5).

Proof. By taking the inner product between the both sides of the equation in (3.5) and
u'(t), we have

[ ()3 + (€).' () = (f(1), 0/ (), ae. t €0, T), (3-8)

where £(t) == f(t) —u/(t) € Op'(v;u(t)) for a.e. t € [0,Tp]. By (3.6), we have |u|ze(o,1:m)
<r:=1y+ 1 and hence (cf. (2.4)) it holds that

d

- (vu(t) = (€(0), ' (8))u (3.9)

< @O/ (1) = F(O)]a (' (wsu(0)? + 1) + B0 (P (s u(t) + 1), ace. t € [0,Ty].

t)
Using this inequality, we see from (3.8) that
d
O + g 50

< 1F@lale ()] + (PF + Dal(e) (' (0)]a + [FOla) + (P2 + DB(D)
for a.e. t € [0,Tp]. Hence, for any t € [0, Ty,

LAW@%W+¢MMW

< ¥ (Uo,uo P% (/ |f(7 ’HdT)

. ¢
—+ ( ) P2+1 2 +|f|L2(O,T0;H))+(P2+]-)/ b:(T)dT
0
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Therefore, by condition (H2) there exists a small positive number T}, independent of
v € Vg(ug; —d0, Tp), such that

([ |f<7>ﬁda)é + ([ arrar )

T
+(P2+1)/ b:(T)dTSTo.
0

N|=

2(Py + 1) (P + | fle20,m0:m))

Thus we have (3.7).
Proof of Theorem 3.1: By (3.4) and assumption (¢g) about the level set compactness of
o, Vr(ug; —d0, Tp) is non-empty, compact and convex in C'([—dy, Tp]; H). Now, consider
a mapping S : Vg(uo; —d0, To) — V(—0do, To; H) which is defined as follows:

up(t),  for t € [—do, 0],

[Sv](t) = ¢ w(t), for t € (0,71], (3.10)

u(Ty), fort e (11, Ty,

where u is the solution of (3.5) associated with v € Vg(ug; —do, Tp) and T} is the same

number as in Lemma 3.1. Then, for every v € Vg(ug; —do, 1p), it follows from the definition
of S and Lemma 3.1 that Sv € V(ug; —do, Tp) and

sup {o([S0](5)) + 118V Baony } = sup {o(uls)) + /a0 }
0<s<Tp 0<s<T
< swp e (wu(s) + B |
0<s<Ty
< @ (up; up(0)) + 79

IN

R,

where u is the solution of (3.5). Thus S maps Vg(ug; —do, Tp) into itself.

Next, we show the continuity of S in Vg(ug; —dg, Tp) with respect to the topology of
C([—00, To]; H). Let {v,} be any sequence in Vg(ug; —dg, Tp) and suppose that v, — v
in C([—bo,To]; H) (as n — o0). It is clear that v € Vg(uo; —do, To) and {Vi_s,1)(vn)}
is bounded. By assumption (®3), we see that ¢'(v,;-) — ¢'(v;-) on H in the sense of
Mosco for every t € [0, Ty]. Therefore, according to Theorem 2.3, the solution u,, of (3.5)
corresponding to v = v,, converges to the solution u of (3.5) in the sense that

u, —u in C([0,Tp); H), ul, —u' weakly in L*(0, Ty; H),

This means that Sv,, — Sv in C([—dy, To]; H).

We are in a position to apply the fixed-point theorem for continuous mappings in
compact and convex sets. Applying it to the mapping S we see that S has at least one
fixed-point u, in Vg(ug; —do, Tp), i.e. Su, = u.. Denoting by u the restriction of u, on
[—d0, T1], we easily check from the definition (3.10) that w is a solution of C'P(uy, f) on
the time interval [0,7}]. ¢
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4. Global existence result

Let g be the same as in the previous section as well as §g > 0 and 7" > 0. In this
section, we consider a closed convex subset V(—d,t) of L?*(—8,t; H) for each t € [0, 7],
as is defined below, in place of V(—do, t).

For each ¢ € [0, T] we define

])(—50,75) = {U; ‘7[—50775}(10 < 00}7 (41>

where .

Vs (0) = [0 g + / nlols))ds. (4.2)

Now, we suppose that to each v € V(—dy, t) a family {¢®(v; -) }o<s<; of functions ¢*(v; )
on H is assigned such that

(®1) *(v; 2) is proper, Ls.c., non-negative and convex in 2 € H, and it is determined
by s € [0,t] and v on [—dy, s]; namely, for vy, vy € V(—dy,t), we have ©*(vy,) =
©*(vg, -) on H whenever v; = vy a.e. on (—dy, s);

(B2) ©*(v;2) > po(2), Vv € V(=bp,t), 0<Vs <Vt <T;

(('133) fo<s, <t<T, v, € f)(—éo,t), SUD,eN ﬁ,go,t](vn) < 00, 8, — s and v, — v In
L3(—0o,t; H), then ¢ (v,;-) — ¢©*(v;-) on H in the sense of Mosco.

Next, we define a function space Vy;(—do,t) for each M > 0 and t € [0,T] by
Vi (=00, 1) :={v € V(=b0,1); Vi_s,(v) < M}.

In order to show the existence of a solution of C'P(uy, f) on the whole interval [0, T'] we
relax assumptions (H1) and (H2) as follows: For each M > 0 there is a family { M, }o<;<co
of positive numbers M, and a set {{¢'(v;-)};v € Var(—0d, T)} of families {¢(v;-) Yo<i<r
of convex functions satisfying the following condition (**):

(**) There are two families {a?;v € Vas(—do, T),0 < r < 0o} of non-negative functions
in L2(0,T) and {b%;v € Vi (=00, T),0 < r < oo} of non-negative functions in L*(0,T)
such that

(H1) |a?|20my < M, and [b|p107) < M, for all r > 0 and all v € Vy(—dp,T), and
{p'(v; )} € G({al},{bv}) for all v € Vy(—do, T);

H?2) for each finite > 0 and ¢ > 0 there is a positive number 8, > 0 such that
(
t46re -
/ (@2(r)? +B(r))dr <&, Ve [0,T — 6], Yo € Var(—b0, T).
t

It should be noted that these conditions are independent of initial data. Moreover we
require the following assumption (H3):
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(H3) there are a positive number Ry and a family {h,} = {h,;v € V(=6y,T)} of
functions in W'2(0,T; H) such that

T
haluwreorean < Ro. / A (v ho(t))dt < Ry, Vo € V(—00,T).
0

We first show the existence of a solution C'P(ug, f) on the whole interval [0,77] for
good initial values uy.

Theorem 4.1. Suppose that (H1) and (H2) hold for every M > 0 as well as (H3).
Let ug € V(—0,0) with ¢°(ug;u(0)) < oo and f be any function in L*(0,T; H). Then
CP(ug, f) has at least one solution u on [0,T] such that

ue Wh0,T; H), sup ¢ (u;u(t)) < oo.

0<t<T

Proof. It is clear that (®1) — (®3) automatically satisfied, if (®1) — (®3) hold, and
that (H1) and (H2) follow immediately from (H1) and (H2). Therefore, according to
Theorem 3.1, C'P(ug, f) has a solution u on a certain time interval [0, 7](C [0,7]) such
that

u€ W0, H), sup ¢'(u;u(t)) < co.

0<t<r

Consider an ordered set Z given by
Z :={(u,7);0 <7 <T, uis a solution of C'P(uy, f) on [0, 7]}
with an order < defined by
(ur, 1) < (u2,72) <= 1 < T, up = ug on [—dy, 71].

Then, by the local existence result mentioned above, Z is non-empty. Now, let Y be any
totally ordered set in Z with respect to the above order <. Then, putting u(t) = u(¢)
if (u,7) € Y and 0 <t < 7, we see that @ is well defined on the interval [0,7) with
T = SUp(y r)ey 7- Moreover, we obtain that dg := lim+ @(t) exists in H. In fact, since
@ is a solution of C'P(uy, f) on any compact interval [0, 7] with 0 < 7 < 7, it follows (cf.
(2.5)) that

d

{51008 - @00+ @OKO - SO+ P aam) @

< ' h(t)) — (f(), h(t))g, forae. te€]0,7],

if 0 <7 <7, h e W0,7;H) and " (a; h(-)) is integrable on [0,7]. Here, we use
assumption (H3) as follows. Take an increasing sequence {7,} with 7, T 7 and define a
sequence {u,} of functions by

wn(t) = { 7,:L<t) for t € [—do, 7]
u(r,) fort € [, T).
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Since {u,} C V(—0,T), we see from (H3) that there are functions h,, for all n such that

T
|hn|wrz 0.1 < R, SUP/ " (tn; b (1)) dt < Ry.
neN Jo
Noting that ¢! (uy,; h,(t)) = @'(a; h,(t)) a.e. on [0,7,], we infer from (4.3) with h = h,

that

SUP || oo (0,75 1) < OO, sup/ o' (@;0(t))dt < . (4.4)
neN neN Jo

Hence, @ € L*(0,7; H) and U (a;(-)) is integrable on [0,7], namely @ € V(—do, 7).
This shows by (H1) that {¢'(a;-)} € Gor({M,}) for some family {M,} := {M, }o<r<oo
of positive numbers. By Theorem 2.1, the Cauchy problem

w(t) + 0" (s w(t)) 3 f(t), 0<t<7, w(0)=1uy0).
has a unique solution w on the interval [0, 7] such that

we WH(0,7,H), sup ¢'(@;w(t)) < oo,
0<t<#
Since w = @ on [0,7), it follows that u(7,) = w(r,) — w(7). If w is denoted by u, the
element (u,7) is an upper bound of Y. Therefore, by virtue of Zorn’s lemma, we conclude
that Z has at least one maximal element (u*,7").

If 7% = T is shown, then u* is a solution of C'P(ug, f) on [0,T], namely it is enough
to prove 7* = T for the completeness of the proof. Assume that 7* < 7. Then, since
o (u*;u*(7%)) < oo, it follows that u* is extended beyond time 7* as a solution of
C'P(up, f). In fact, we consider the problem

{iﬂﬂ+8ﬁ@ﬂ@»9f@ao<t<fﬂ (4.5)

@ = a on [—dy,0],

where j: =T — 7%, 0o 1= 0 + 7%, Uy(t) = u*(t + 7%) for t € [=bo,0], f(t) := f(t + 7*) for
t € (0,7) and

@t(v;) == @ (w(- +77);-), Yo e V(=dy,t), 0<t<T.

It is easy to see from (H1) and (H2) that assumptions (H1) and (H2) of Theorem 3.1
are satisfied for the family {@'(v;-)}o<<7, initial datum a5 and any R > @°(ag; 45(0)).
Therefore, problem (4.5) has a solution @ on a certain interval [0,7"] such that

ae Wh0,T: H), sup @'(a;a(t)) < oo.

o<t<T"

Putting
u*(t) fort € [—do, ")
u(t) = .
a(t —7*) fort e [r*, 7"+ 1T,
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we observe that u € W'2(0,7* + 1" H), supg<,,- 7 ¢'(u;u(t)) < oo and u is a solution
of CP(ug, f) on [0,7* + T"]. This contradicts the fact that (u*,7*) is maximal in Z.
Consequently, 7 = T" must be true.

Finally we show the existence of a solution of C'P(uy, f) for a little bit more general

class of initial data.

Theorem 4.2. Suppose that (1), ($2) and (®3) hold and that (H1) and (H2) hold for
every M > 0 as well as (H3). Let ug € V(—by,0) N C([—bo,0]; H) such that there is a
sequence {ug,} i V(—0,0) with ©°(uon; uon(0)) < 0o satisfying that

sull\)I 17[,50,0] (Uno) < 00, Upg — ug in C([—dg,0]; H). (4.6)
ne

Then C'P(uq, f) has at least one solution u on [0,T] such that

we C([0,T]; H), Vtu' € L*0,T;H), sup to'(u;u(t)) < co. (4.7)

o<t<T

Proof. Since u,g € V(—dp,0) and ¢°(tn0; un(0)) < 0o, by virtue of Theorem 4.1 problem
CP(ung, f) has at least one solution u, on [0,7], i.e.

ul () + &) = f(t), &u(t) € 00" (Un;un(t)), ace. t € (0,T), (4.8)

and
Up = Upp ON [_5070]a

such that u, € W2(0,T; H) and supg<, < ' (un; un(t)) < co. Also, note from (H3) that
there is a sequence {h, } such that

:16111\)I {|hn|%{/1,2(0’T;H) —I—/0 " (Un; hn(t))dt} < 00. (4.9)
Taking the inner product of the both sides of (4.8) and u,(t) — h,(t), we get (cf. (2.5))
4 10 O = (0nl0) e} + () L) = )i+ i a0
< @' (un; b (8)) = (f (), b))

for a.e. t € (0,7). Integrating this inequality in time, we obtain with th help of the
Gronwall’s lemma and (4.9) that

T
sup { il + [ (s (0t | < o0
neN 0

Therefore we have for some constant M > 0

Vicsor)(un) <M, Vn=1,2,---.
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Hence, by condition (H1), there is a family {M,} of positive numbers M, such that

{'(un; )} € GU{M,}), Vn=1,2,---

Furthermore, from (i) of Theorem 2.2 and our assumption (4.6) it follows that there is a
positive constant P; satisfying

T
it + VB oo + 50t (i () + [ ¢ uniun(®)it < P (420)
<t< 0

for all n =1,2,---, and by (92),

5!

L Ve (0.4], Yn=12,. (4.11)

po(un(t)) <

Since the level set of ¢y is compact in H, by (4.10) and (4.11) it is easy to extract a
subsequence {u,, } from {u, } such that u,, — win C,.((0,T]; H) and hence in L*(0,T; H)
(as k — 00) for a certain u € V(ug; —0;T). This shows by our assumption ($3) that
O (tn,; ) — @'(u;+) on H in the sense of Mosco for every t € [0, T]. Here, apply Theorem
2.3 to the sequence of problems

u;k (t) + 0 (Uny; Un, (8)) D f(1), 0<t<T, tp (0) = 10(0),
to see that u,, converges in C([0,T]; H) to the solution w of
w (t) + 0 (u;w(t)) 3 f(t), 0<t<T, w(0)=1u0).

Then, clearly, w = u on (0,7] and thus u must be a solution of C'P(uq, f) on [0,7] and
satisfies (4.7).

5. Obstacle problems

We begin this section with some artificial examples in order to explore our assumptions
(H1) — (H2) for local existence in time or (H1) — (H3) for global existence in time.

Example 5.1. Let H := R, Jy and T be fixed positive numbers. We consider a scalar
quasi-variational inequality, choosing ¢g = 0 on R and

0, if z € [k.(v;s),00), -
©*(v;2) == Vo € WHe(—=bo,t), 0 < Vs <Vt <T, (5.1)

oo, otherwise,

where
k.(v;s) := 2v(0) + 2/ [V (1)[PdT, Vv € W' (—6g,t), 0 < Vs <Vt < T, (5.2)
0

for a fixed numper p with 0 < p < 1 It is easy to check conditions (¢g) and (®1) — ($3)
for g and ' (v, -), respectively.
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Now, we consider
u'(t) + 0t (u;u(t)) 2 f(t), 0<t<T, (5.3)

with initial condition

u(t) = uo(t) for all ¢t € [—dy, 0], (5.4)

where f is given in L?(0,T) and ug in Wh2(—§g, 0) with uy(0) < 0 (hence ¢°(ug; u(0)) <
00). For such an initial datum uy and any number M > 0, we choose

ay(r) =20 (7)|P, bi(7):=0 forae. 7€ (0,T),

Vv € WH2(=8y, T) with v = ug on [—d, 0] and |v’|%2(07T) < M, ¥r >0.

Then, condition (x) = {(H1) — (H2)} with Tj := T is satisfied; in fact, given z > k.(v; s),
Z =z — kc(v;s) + k.(v;t) satisfies that

t
5o <2 / W () Pdr, (0 2) — ¢ (v:2) = 0.

Since a := 2[|v'|P € L%(O, T), (H1) holds. Also, if 0 < p < 1, then (H2) holds, too. When
p =1, as is easily checked, (H2) does not holds. If 0 < p < 1 and uo(0) < 0, our Theorem
3.1 says that the scalar problem (5.3)-(5.4) has a local in time solution. However, in case
= 1 and u¢(0) = 0, the problem has no solution. By the way, when p = § and ug =0 on
[—d0, 0], it is easy to see that the function u(t) = 4¢ is a solution of (5.3)-(5.4) on [0, T7.

Example 5.2. Let py be a smooth function on R and define k.(v;-) by

k.(v;s) := / po(s — T)v(r)dr, Vv € L*(—dg,t), 0 < Vs <Vt < T.
5o

We define ¢®(v; -) by (5.1) for this obstacle function k.(v; -). It is easy to see that conditions
(®1) — (®3) are fulfilled. Also, for any M > 0, conditions (H1) and (H2) hold for
a? = M max|po| and by = 0. Therefore, by Theorem 3.1, problem (5.3)-(5.4) has a local
in time solution, if f € L?(0,T) and the initial datum wg is given so that ug(0) > k.(uo;0).
Furthermore, if the obstacle function is replaced by

ke(v;s) == /S po(s — 7) min{v(7), me }dr

—&

with a positive constant my, then k. is bounded by my := mg(do +71") max |po| from above
and hence condition (H3) is satisfied; in fact, we can choose as h, in (H3) the constant
function m;. Accordingly, by Theorem 4.1, problem (5.3) and (5.4) has a solution on the
whole interval [0, T7.

Next, we give two typical applications to parabolic partial differential inequalities with
the unkonwn dependent obstacles; one of them is the one mentioned in the introduction.
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Example 5.3. Let  be a bounded domain in RY with smooth boundary I' := 9. We
put Q :=Q x (0,7),0 < T < oo, and H := L*(Q). As the proper, l.s.c. convex function
o on L?(Q) we take

1
§/Q|Vz|2d:1:, Vz e HY(Q),

wo(z) = (5.5)

00, otherwise.

Also, let p(-,-,-) be a smooth function on RY x R x R. Assume that p and its partial
derivatives p;(x,t,v) := %p(m,t,v), i=1,2,---, N, satisfy

N
|p(£(],8,1)1) - p(x,t,v2)| + Z |,0i($78,1)1) - pi<x7tav2)| < CO(|t - S| + |v1 - U2|>a (56>
1=1

Y(z,s,v1), V(z,t,v5) € RY x R xR,

where ¢g is a positive constant. We define

%/]Vz\de, if z€ HY(Q) and 2 > k.(v;-, s) a.e. on §,
Q

©*(v; 2) = (5.7)

00, otherwise,

Yo € L*(—0g,t; HY(2)), 0 < Vs <Vt < T,

where dq is a fixed positive number and
ko(v;x,s) = / / plx —y,s — 1, v(y,7))dydr, V(z,s) € Q x [—d,t].
—5 Ja

It is easy to see that conditions (¢g) and (®1) — (®3) are fulfilled by @o(-) and @*(-;-)
given by (5.5) and (5.7), respectively. Next, we check condition (%) or (xx). Let M > 0
be any number and v be any function in

- 1
Var (=00, T) = {v; |v|%°°(—6O,T;L2(Q)) + §|VU|%2(—50,T;L2(Q)) < M}. (5.8)

Then, for each function z € HI(Q) with z > k.(v;-,s) a.e. on Qand 0 < s <t <T, the
function Z := z — k.(v; -, s) + ke(v; -, ) satisfies that z € H(Q) and Z > k.(v;-,t) a.e. on
Q2. From (5.6) it follows that

2(z) — 2(2)]
< ke(vy 2, t) — ke(v; 2, 5)|
< ¢o(do + ) |Q\|s—t\—i—/ / lp(x —y,t —7,0)| + colv(y, 7)|)dydr
< oo+ 9)Qls — t] + {1Qlp(-, -, 0)|z(@) + ol [v] o (50,7520 HE — 5]
< a(M)t—s
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for all v € Vy; (=0, T), where |Q| denotes the volume of Q and

c1(M) = co(0o + T) |2 + €[ p(-, -, 0)| Lo () + col€2|? VM.

Similarly,
-2 (e, 5) — holws 2, 1))
o0x;
< colbo+9)|Qs — ] + / t / oz — .t — 7,0)] + cololy, 7)|)dydr,
< (M- -

fori=1,2,--- Nandallve 1}M(—50,T). Therefore,
12— 22 < cl(M)|QI2 [t — 5
and

1, 1
§‘VZ|%2(Q) - §|VZ|%2(Q) < |VZ|L2(Q) : 01<M)\/ N‘QHt — S’ + Cl(M)QNT|Q||t — 8|2

1
< C2(M)|t — 8‘ <E|VZ|L2(Q) + 1) s
where cy(M) := v/2¢1(M)+/NI|Q| + ¢1(M)?NT|Q|; namely,

P! (v;2) — 9% (v 2) < (M)t — s|(9* (03 2)% + 1).

Thus, putting a® = ¢;(M)|Q|z and b := c3(M) for all v € V(—8,T) and all r > 0, we
see that (H1) and (H2) hold. Therefore, by virtue of Thenrem 3.1, for given f € L?(Q)
and uy € WH2(=0,0; L2(R)) N L®(—dy, 0; HY(Q)) with ug(-,0) > k.(ug;-,0) a.e. on
2, the quasi-variational problem, denoted by (QV'1), formulated on @’ := Q x (0,7"),
0<T' <T,

u € Wh2(=do, T'; L2(Q)) N L>° (=0, T'; HY(Q)) with u > k.(u;-,+) a.e. on Q';
/{ut(u —w)+ Vu-V(u—w)}dedt < / f(z,t)(u — w)dzdt,

¢ Vw € L*(0,T'; H'(Q)) with 21 > ke(u;-,+) a.e. on @,
u=1up a.e.on QX [—dy,0],

has at least one solution u on a certain interval [0,7”] C [0, T]. Further suppose that p is
bounded from above on RY x R x R. Then, so is k. on 1}(—50,T) x RM x R, that is,
k. < k* for a certain positive constant k*. In this case, f(v; k*) = 0 for all v € V(=6,,T)
and t € [0, 7], which shows that (F3) holds. In such a case, our Theorem 4.1 says that
problem (QV'1) has a solution u on the whole interval [0, T7].

Example 5.4. Let Q, I', Q and X be as in Example 5.3, as well as 0 < §y < oo
and 0 < T < oco. Also, we take as g the same function as in Example 5.3, too. Let
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Q, 1 =1,2,---,n, be a finite number of smooth subdomains of € such that €2; C €,
i=1,2,---,n,and Q, NQ; =0 if k # j. We define a mapping A; : L?(—d, t; Hy(Q2)) —
C([0,t]),0<s<t<T, by

[Av](s) = /5 /.%(s —7,v(z,7))dwds, Vv € L*(—do,t; H3 (), Vs € [0,t],

for each © = 1,2,--- ,n, where ~;(-,-) are Lipschitz continuous functions on R x R,
1=1,2,--- ,n,ie.

[7i (71, 01) = 7i(72, 02)| < co(lm = T2 4 |v1 — v2]), V(m,v1), V(72 02) € R X R, (5.9)
for a positive constant cg. Now, for each v € L?(—dy, t; Hi(€2)) and s € [0, T], consider
K(v;s) :={z € Hy(Q);|Vz| < k([Av](s)) a.e. on Q;, i =1,2,--- ,n},

where k.(-) is a smooth and strictly positive function on R. Clearly K (v;s) is a closed
convex subset of HJ(f2) and non-empty, since 0 € K (v; s).

We consider a quasi-vatiational problem, denoted by (QV2), to find a function u such
that

u € L*(—60, T; Hy(Q)) N WH2(0, T; L*(2)) with u(t) € K(u;t) for all t € [0, 7],

//utu— dxdt—l—/ /Vu V(u—w dxdt</ /fu— )dxdt,

Vw € L*(—79, T; Hy(Q)) with w(t) € K(u;t) for a.e. t € (0,T),
u(t) = uo(t) for all t € [—dy, ],

where f is given in L*(0,T; L*(Q)) and ug in Wh2(=dy, 0; L*(Q)) N L>®(—do, 0; H'(Q))
with ug(0) € K (uo; 0) Defining a proper, l.s.c. and convex function ¢*(v;-) on L*(Q) for
each v € V(—0y,1); L*(Q)) (cf.(5.9)), 0 < s <t < T, by

1
s —/ \Vz’dz, if 2z € K(v;s)
e’ (v;2) == 2o
0, otherwise

we see easily that problem (QV2) can be described as a Cauchy problem of the form
CP(ug, f) on [0,T]. It is easy to check that our convex functions ¢y and ¢*(v;-) satisfy
conditions (¢g) and (®1) — (®3).

Let us verify assumptions in Theorems 4.1 (and hence Theorem 3.1). Choose a col-
lection {mx }o<p<n Of smooth non-negative functions on RY corresponding to the family
{€%;} of subdomains of €2 such that

ny =1 on Q, 1 <Vk<mn, and anzlon Q. (5.10)
k=0

Now, given M > 0 and any function v with |U|%°°(760,T;L2(Q)) + %|Vv|%2(750’T;L2(Q)) < M.
For any 0 < s <t <T and z € K(v;s), we put

- = ki(v;s
=Y o
i=1

ki(v; ) = ko([A0] (), i = 1,2, .
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Then we see from (5.10) that

ki(v;t)
ki(v; s)

Vz= Vz on €y, i =1,2,--- n, namely, Z € K(v;t).

Besides, we have

— ki (v; 8)|

v; 8)

(o)~ )] < o) (@)

and

Vi(z) = {no(x)%—'

_ Vs ki(v; 1?(; ’Zl)@’ S)m(x)} Vz(x)
N {Z ki (v; Z)(; ’23(“5 S)Vm(x)} z(z).

Since k;(v; 7) is Lipschotz continuous in 7, i.e. |k;(v;t) — k;(v; s)| < ¢;(M)|t — s|, where
ci(M) = co(T + o) || + |€2] max |y;(+,0)| + CO{|Qi|M}%, i=1,2,---,n,

we obtain from the above relations that
2= 2l < (M)t — 5|, GH(oit) — 9*(032) < ea(MJE — sl(¢*(v35)F + 1),

where ¢, (M) is a positive constant depending only on M. Thus conditions (H1) and (H2)
are satisfied by the families of functions a¥ = b = ¢, (M), and (H3) is trivially satisfied
by h, = 0. Accordingly, by Theorem 4.1, our quasi-variational problem (QV2) has at
least one solution u on the whole interval [0, 7).

Some other applications are found in a recent paper [5] treating one dimensional
gradient obstacle problems of parabolic type.
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