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Abstract. A class of quasi-variational inequalities (QVI) of the elliptic type is studied
in Banach spaces. The concept of QVI was ealier introduced by A. Bensoussan and J.
L. Lions [2] and its general theory was evolved by many mathematicians, for instance,
see [7,9,13] and a monograph [1]. In this paper we give a generalization of the existence
theorem due to J. L. Joly and U. Mosco [6,7] from not only the view-point of the nonlinear
operator theory, but also the application to nonlinear variational inequalities including
partial differential operators. In fact, employing the compactness argument based on
the Mosco convergence (cf.[11]) for convex sets and the graph convergence for nonlinear
operators, we shall prove an abstract existence result for our class of QVI’s. Moreover we
shall give some new applications to QVI’s arising in the material science.

1. Introduction

Let X be a real reflexive Banach space and X* be its dual. We assume that X and X*
are strictly convex and denote by < -,- > the duality pairing between X* and X. Given
a nonlinear operator A from X into X*, an element g* € X* and a closed convex subset
K of X, the variational inequality is formulated as a problem to find » in X such that

ue K, <Au—g,u—w><0, YwEe K. (1.1)

Variational inequality has been studied by many mathematicians, for instance see J. L.
Lions and G. Stampacchia [10], F. Browder [5], H. Brézis [4] and their references.

The concept of quasi-variational inequality was introduced by A. Bensoussan and J.
L. Lions [2] in order to solve some problems in the control theory. Given an operator
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A: X — X* an element ¢* € X* and a family {K(v);v € X} of closed convex subsets
of X, the quasi-variational inequality is a problem to find v in X such that

ue Ku), <Au-—g"u—w><0, Ywe K(u). (1.2)

As is seen from (1.2), the constraint K (u) for the quasi-variational inequality depends
upon the unknown wu, which causes one of main difficulties in the mathematical treat-
ment of quasi-variational inequalities. The theory of quasi-variational inequality has been
evolved for various classes of the mapping v — K(v) and the linear or nonlinear opera-
tor A: X — X*; see for instance [6,7,13], in which two approaches to quasi-variational
inequalities were proposed. One of them is the so-called monotonicity method in Banach
lattices X (cf. [13]), and for the mapping v — K (v) the monotonicity condition

min{wy,ws} € K(vy), max{wy,ws} € K(vg), if vy, ve € X with vy < vy, (1.3)

is required, and an existence result for (1.2) is proved with the help of a fixed point
theorem in Banach lattices. Another is the so-called compactness method in which some
compactness properties are required for the mapping v — K (v) such as K (v,,) converges to
K (v) in the Mosco sense, if v,, — v weakly in X as n — oo. In this framework, an existence
result for (1.2) was shown by J. L. Joly and U. Mosco [7]. However this result seems not
enough from some points of applications. The objective of this paper is to generalize the
result in [7] to the case that A : X — X* is the multivalued pseudo-monotone operator,
Au = A(u,u), generated by a semimonotone operator A : X x X — X*. In such a case
our quasi-variational inequality is of the form: Find v € X and u* € X* such that

uwe Ku), u" € Au, <u"—g"u—w><0, Ywe K(u). (1.4)

This generalization (1.4) is new and enables us to apply it to the following quasi-variational
inequality arising in the elastic-plastic torsion problem for visco-elastic material : Find
u € HY(Q) and u € L*(Q) satisfying

|Vu| < k.(u) a.e. on Q, u € f(u) a.e. on €,

Z/%xuﬁua(axj d:H/ ilu— w dx</fu_ (1.5)

i,j=1 Or;

Vw € H}(Q) with |[Vw| < k.(u) a.e. on Q,

where Q is a bounded smooth domain in RY, f is given in L*(Q), k.(-) is a positive,
smooth and bounded function on R and ((-) is a maximal monotone graph in R x R
with linear growth at f+co. In this case our abstract result is applied to

K(v) :={w € Hy(Q); |Vw| < k.(u) a.e. on Q} (1.6)

and
= Z (am x v)j“) + B(u); (1.7)

it should be noted that the family {K (v);v € H(Q2)} given by (1.6) does not satisfy the
monotonicity condition (1.3), and that the term [(u) of (1.7) is in general multivalued.
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Therefore, (1.5) is a new application in the respect that the differential form in (1.7) is
quasi-linear and the additional term is multivalued in general.

2. Main results

Let X be a real Banach space and X* be its dual space, and assume that X and X*
are strictly convex. We denote by < -,- > the duality pairing between X* and X, and
by |- |x and | - | x~ the norms of X and X*, respectively. For various general concepts on
nonlinear multivalued operators from X into X*, for instance, monotonicity and maximal
monotonicity of operators, we refer to the monograph [1]. In this paper, we mean that
operators are multivalued, in general. Given a general nonlinear operator A from X into
X*, we use the notations D(A), R(A) and G(A) to denote its domain, range and graph
of A. In this paper, we formulate quasi-variational inequalities for a class of nonlinear
operators, which is called semimonotone, from X x X into X*.

Definition 2.1. An operator A(-,-) : X x X — X* is called semimonotone, if D(A) =
X x X and the following conditions (SM1) and (SM2) are satisfied:

(SM1) For any fixed v € X the mapping u — fl(v,u) is maximal monotone form
D(A(v,-)) = X into X*.

(SM2) Let u be any element of X and {v,} be any sequence in X such that v, — v
weakly in X. Then, for every u* € A(v,u) there exists a sequence {u;} in X such
that u} € A(vp,u) and v — u* in X* as n — +o0.

Let A: D(A) := X x X — X* be a semimonotone operator. Then we define
A: D(A) = X — X* by putting Au := A(u,u) for all u € X, which is called the
operator generated by A.

Now, for an operator A generated by semimonotone operator, any g* € X* and a
mapping v — K(v) we consider a quasi-variational inequality, denoted by P(g*), to find
u € X and u* € X* such that

P(g") ue K(u), ue€Au, <u —g-w—u><0, YweK(u). (2.1)
Our main results of this paper are stated as follows.

Theorem 2.1. Let A : D(A) = X x X — X* be a bounded semimonotone operator
and A be the operator generated by A. Let Ky be a bounded, closed and convex set in X .
Suppose that to each v € Ky a non-empty, bounded, closed and convex subset K(v) of Ky
is assigned, and the mapping v — K (v) satisfies the following continuity properties (K1)
and (K2) :

(K1) If v, € Ky, v, — v weakly in X (as n — o), then for each w € K(v) there is a
sequence wy, i X such that w, € K(v,) and w, — w (strongly) in X.

(K2) If v, — v weakly in X, w, € K(v,) and w, — w weakly in X, then w € K(v).



Then, for any g* € X*, the quasi-variational inequality P(g*) has at least one solution
u.

The following theorem is a slightly general version of Theorem 2.1.

Theorem 2.2. Let A: D(A) = X x X — X* be a bounded semimonotone operator and
A be the operator generated by A. Suppose that to each v € X a non-empty, bounded,
closed and convex subset K(v) of X is assigned and there is a bounded, closed and convex
subset Go of X such that

Kw)NGy#0, YveX, (2.2)
and

<wHw—v> . .
’ — 00 as |w|x — oo uniformly in v € Gy. (2.3)

inf

w*€Aw ’w ’X

Furthermore, the mapping v — K (v) satisfies the following condition (K’1) and the same
condition (K2) as in Theorem 2.1.:

(K’1) If v, — v weakly in X, then for each w € K(v) there is a sequence wy, in X such
that w, € K(v,) and w, — w in X.

Then, for any g* € X*, the quasi-variational inequality P(g*) has at least one solution
U.

In our proof of Theorems 2.1 and 2.2 we use some results on nonlinear operators of
monotone type, which are mentioned below.

Proposition 2.1. Let A : D(A) = X x X — X* be a semimonotone operator and let
A: X — X*. Then, the following two properties (a) and (b) are satisfied:

(a) For anyv, u € X, A(v,u) is a non-empty, closed, bounded and convez subset of X*.

(b) Let {u,} and {v,} be sequences in X such that u, — u weakly in X and v, — v
weakly in X (asn — o). Ifu), € A(vn, un), uy, — g weakly in X* and limsup,, ., <
ul u, ><< g,u >, then g € A(v,u) and lim, o < ul,u, >=< g,u >.

Proof. Property (a) immediately follows from the maximal monotonicity of A(v,-) for
each v € X. Now we show (b). Assume that {u,}, {v,} and {u}} are such as in the
statement of (b), namely,

u, — u weakly in X, v, — v weakly in X, u; — g weakly in X~ (2.4)
and )
uy, € A(vp,up), limsup < uy,u, ><< g,u>. (2.5)

Now we note from (SM1) that
<ul —wiu, —w>>0, YweX, Yu € Alv,w). (2.6)

For any w € X and any w* € A(v,w), use (SM2) to choose a sequence {w*} with
W) € A(v,, w) and @ — w* in X*. Then, by substituting this sequence w} and letting
n — oo in (2.6) we have with the help of (2.4) and (2.5)

<g—wu—w>>0, YweX, Yu'e A, w).
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This implies that g € A(v,u), since A(v,-) is maximal monotone. Corresponding to this
g € A(v,u), by (SM2) choose a sequence g,, € A(v,, u) such that g, — g in X*. Then, by
taking w = v and w} = g,, and letting n — oo in (2.6) we obtain

liminf < w), u, —u >> liminf < g, u, —u >=0.

n—oo n—oo

namely, liminf, .., < u},u, >>< g,u >. Therefore, on account of (2.5), it holds that

lim < u,,u, >=<g,u>.

n—oo

Thus (b) has been seen. <

We consider a class of nonlinear operators A : D(A) = X — X* satisfying the following
properties (PM1) and (PM2):

(PM1) For any u € X, Au is a non-empty, closed, bounded and convex subset of X*.

)

(PM2) Let {u,} be a sequence in X such that u, — u weakly in X. If u} € Au,,
uy — g weakly in X* and limsup,_,., < u},u, ><< g,u >, then g € Au and
lim, oo < Uy, Uy >=< g, u >.

This class of nonlinear operaors A is called pseudo-monotone. The above proposition
says that the operator generated by semimonotone A is pseudo-monotone. As to pseudo-
monotone operators we refer to [4,8] for fundamental results on their ranges.

Proposition 2.2. Let A; : D(A;) C X — X* be a mazimal monotone operator and
Ay : D(As) = X — X* be a mazimal monotone operator. Suppose that

<] +v3,v— vy >

UIEAlll)],:l’UEGAﬂ) v|x — 00 as |v|x — oo, v1 € D(A).

Then R(Al + Ag) = X"

For a proof of Proposition 2.2, see [4,5,8].

3. Proof of main theorems
We begin with the proof of Theorem 2.1.

Proof of Theorem 2.1: The theorem is proved in the following two steps: (A) The case
when A(v, -) is strictly monotone from X into X* for every v € X; (B) The general case
as in the statement of Theorem 2.1.

(In the case of (A))
Let v be any element in K, and fix it. We consider the variational inequality with

state constraint K (v), namely, to find v € X and u* € X* such that

ue Kw), u'(v) € A(v,u), <u*(v)—gu—v><0, Ywe K(v). (3.1)



This problem is written in the following form equivalent to (3.1):
9" € A(v,u) + Ol (w), (3.2)

where 01k ,)(+) : D(0Ik () — X* is the subdifferential of the indicator function of K'(v),

ie.
0 if z € K(v),
]K(U)(Z) = .
oo if ze X — K(v);

note that 0k, is maximal monotone. It follows from Proposition 2.2 that R(A(v,-) +
Olk)) = X*; in fact, the coerciveness condition of Proposition 2.2 for Ay := 0l and
Ay := A(v, ) is automatically satisfied, since D(A;) = K (v) is bounded in X. Hence there
exists an element u which satisfies (3.2) (therefore (3.1)) for each v € K. Moreover, the
solution u is unique by the strict monotonicity of fl(v, -) and u € Kjy. Using this fact, we
define a mapping S from K into itself which assigns to each v € K| the solution u € K|
of (3.1), i.e. u= Sv.

Next, we show that S is weakly continuous in Ky. Let {v,} be any sequence in K
such that v, — v weakly in X, and put u,, = Sv,, (€ Ky) forn =1,2,---. Now, let {u,, }
be any weakly convergent subsequence of {u,} and denote by u the weak limit; note by
condition (K2) that u € K(v). We are going to check that u is a unique solution of (3.1).
To do so, first observe that there is u* € A(v,,u,) such that

<uy—gu, —w><0, Ywe K(v,) (3.3)

Using condition (K1), we find a sequence {1y} such that 1, € K(v,,) and @ — u in X
(as k — o0). By the boundedness of A(-,), we may assume that u;, — u* weakly in X*
for some u* € X*. Now, taking n = ny and w = 4y, in (3.3), we see that

*
ng?

limsup < uy, ,up, > = limsup{< u, , un, — U >+ < u, U >}

k—oo k—oo
< limsup{< ¢*,up, — U >+ < u

k—o0

= <u",u>

*
ne?

Up, >}

Therefore it follows from Proposition 2.1 that

ut € Av,u),  lim <

n?
k—oo k

Up, >=<u",u>. (3.4)

We go back to (3.3) with n = ny. For any w € K (v), we use (K1) to choose a sequence
wg € K(vy, ) such that wy — w in X. Taking n = n; and w = wy in (3.3) and passing
to the limit as kK — oo in (3.3), by (3.4) we obtain the variational inequality (3.1). Thus
u = Sv, and S is weakly continuous in K.

Since K is a weakly compact and convex set in X, we infer from the well-known
fixed-point theorem for compact mappings that S has at least one fixed point in K. This
fixed point u is clearly a solution of our quasi-variational ineqality P(g*). ¢

(In the case of (B))



We approximate A(v,u) by A.(v,u) == A(v,u) + eJ(u) for any u,v € X and with
parameter € € (0, 1]; note that the duality mapping J from X into X* is strictly monotone
and hence A, is a semimonotne operator such that A.(v, ) is strictly monotone for every
v € X. By the result of the case (A), for each g* € X* there exists a solution u. € K, of
the quasi-variational inequality

us € K(u), ul € Aue, <ul+eJu.—g*u. —w><0, Ywe K(u.), (3.5)

where A is the operator generated by A. Now, choose a sequence {en}, with €, | 0, such
that u, := u., — u weakly in X for some u € Ky. Then, by conditions (K1) and (K2),
we see that u € K(u) and there is a sequence {u,} such that @, € K(u,) and @, — u in
X. Moreover, by the boundedness of {u) := u! } in X*, we may assume that u;, — u*
weakly in X* for some u* € X*. Substitute u,, and @, for u. and w in (3.5) with € = ¢,
respectively, and pass to the limit as n — oo to get

limsup < wy, u, —u >

n—oo

= limsup{< u, + e, Jtp, Uy — Uy, > + < u,, + epJUp, Uy — u >}

n—oo

= hmsup{< g*,un — U, >+ < ufl,ﬂn —Uu >}
n—oo

< 0.

Since A is pseudo-monotone from X into X* (cf. Proposition 2.1), it follows from the
above inequality that

ut € Au,  lm <up,u, >=<utu>. (3.6)

Now, for each w € K(u), by (K1) we choose {w,} such that @, € K(u,) and @, — w in
X, and then substitute them for w in (3.5) with € = ¢,, to have

<up +epJuy, — g u, — wy, >< 0. (3.7)

By (3.6), letting n — 400 in (3.7) yields that < u* — g*,u —w >< 0. Thus u is a solution
of our quasi-variational ineqality P(g*).<

Next we proceed to the proof of Theorem 2.2.

Proof of Theorem 2.2: Put d; := sup,g, |w|x and

< w' w —

U>§|g*

dy 1= sup{|w|x; we X, inf
w*€Aw ’w’X

X*(l +d1), VU € GO} .
By condition (2.3), dy is finite. Also we put My := dy + ds + 1, and for any number
M > My consider the closed ball By, := {w € X;|w|x < M} as well as bounded closed
and convex sets Ky (v) := K(v) N By for all v € X. Since Gy C By, (2.2) implies that
Ky (v) is non-empty for every v € X.

We now show that conditions (K1) and (K2) in Theorem 2.1 with Ky = By and
K(-) = Kj(-) are satisfied. The verification of (K2) is easy. We check condition (K1)
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for Ky = By and K () = Kp(-) as follows. Let w be any element in K/ (v). Then, by
condition (K'1) for K(-), for a sequence {v,} C By weakly converging to v there is a
sequence {w, } such that w, € K(v,) and w,, — w in X. In the case of |w|x < M, we see
that |w,|x < M and hence w,, € Kj;(v,) for all large n. In the case of |w|x = M, choose
an element vy € K(v) N Gy and put

=1 L L 1,2 3.8

w™ = ( m)w+mvo, m=1,2---. (3.8)

Clealy w™ € Kjy(v) and |[w™|x < M. Therefore, according to the above argument, for

each m there is a sequence {w7"}> | such that w € Ky (v,) and w" — w™ in X as

n — oo. For each m choose a number n(m) so that |w™ — w|x < = for all n > n(m).

We may choose {n(m)}°_, so that n(m—1) < n(m) for allm = 0,1,---, where n(0) = 1.
We put

w, =w," if n(m)<n<nm+1), m=0,1,---. (3.9)

It is easy to see that w,, € Ky (v,) and w,, — w in X.
By the above observation we can apply Theorem 2.1 to find an element u,; such that

upr € Kpp(upr), uyy € Aupr, < upyy — g5 upy —w >< 0, Yw € Ky(up). (3.10)

Also, by condition (2.3), {ux; M > My} is bounded in X, so that there are a sequence
{M,} with M, T oo and elements u € X, u* € X* such that wu, = uy;, — u weakly in
X and uj, 1= u}, — u* weakly in X* as n — oco. We note u € K(u) by (K2). It follows
from (K’1) that for each w € K(u) there is a sequence {w,} such that @, € K(u,) and
W, — w in X. In particular, denote by {u,} the sequence {w,} corresponding to w = u.
Here, we substitute M,, and @, for M and w in (3.10) to obtain < u) — g*, u,, — @, >< 0.
Hence it follows that

limsup < w), u, —u >

n—:o0

= limsup{<u, —g", up — Uy >+ < wuy, Uy —u>~+ < g*,u, — U, >}

n—oo

< 0.
By the pseudo-monotonicity of A this implies that

u* € Au, hl}rl < Uy, Uy S>S=< U u >
By making use of these properties with (K1) and passing to the limit as n — oo in (3.10)
with M = M,, and w = @, as above, we see that u € K(u) and < u* — ¢*,u —w >< 0
for all w € K(u). Thus u is a solution of our problem P(g*).{

4. Application to obstacle problems

In this section, let Q be a bounded domain in RY, 1 < N < oo, with smooth boundary
I := 09, and put X := Wy?(Q) or W'(Q), 1 < p < oo. Let a;(z,n,€),i=1,2,---,N,
be functions on  x R x R such that



(al) for all (n,&) € R x RY the function z — a;(z,n, ) is measurable on ) for each
L= ]-7 27 Y N7

(a2) for a.e. x € Q the function (n,&) — a;(x,n,€) is continuous on R x RN for each
2217277N7

(a3) there are positive constants ¢y, ¢, and ¢;, ¢} such that
coléP~H — ¢y < ai(w,n, &) <P+, i =12, N, (4.1)
ae.zr€Q VneR, V= (4,8, +,&v) € RY;
(a4) the following monotonicity property is satisfied:
N
; (ai(w,m,€) = as(x,7,)) (& — &) >0, (4.2)
ae.x€Q, VneR, V&= (§,&, &), V€= (6,6, &v) €RY.

We define a mapping Ag(-,-) : X x X — X* by putting

B N
< Ap(v,u),w >= ;/Qai(x,v, Vu) 5

Ou —dz, Yu,v,w € X, (4.3)
xl
and Agu by /Nlo(u, u) for every u € X. Also, let 3 be a maximal monotone operator from
D(B3) = R into R such that the primitive §(r) := [; 5(s)ds of [ satisfies that
ColrP — ¢y < B(r) < czlrP + 5, Vr€R, (4.4)

where ¢y, ¢, ¢z and ¢y are positive constants. Now, we consider an operator A: XxX —
X* given by A(v,u) = Ag(v,u) + B(u) for all v, u € X. It is easy to see from (4.3) and
(4.4) that A is a bounded and semimonotone operator from X x X into X*.

Application 4.1. (Gradient obstacle problem)
Let X = Wy"(Q), and k, be a Lipschitz continuous real function on R such that

0 <kdr)<Ek* VreR, (4.5)
where k* is a positive constant, and put
Kv):={we X;|Vw| < k.(v) ae. onQ}, YvelX. (4.6)

Also, we set
Ky :={w € X;|Vw| <k* a.e. on Q},; (4.7)
note from the Sobolev imbedding theorem that K is compact in C(€).

Lemma 4.1. The family {K(v);v € X} and the set Ky, which are respectively given by
(4.6) and (4.7), satisfy conditions (K1) and (K2).
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Proof. We prove (K2). Suppose that v, € Ky, w, € K(v,), v, — v weakly in X

and w,, — w weakly in X. Then, v, — v in C(Q) and hence k.(v,) — k.(v) in C(Q).
Therefore, given € > 0, there exists a positive integer n. such that

|ke(vn) = ke(v)] <& on Q, Vn >n.. (4.8)
This shows that
[Vw,| < k.(v,) < k.(v)+¢e a.e. on, VYn>n.. (4.9)

Clearly the set K.(v) = {w € X;|Vw| < k.(v) + € a.e. on 2} is bounded, closed and
convex in X, so that K.(v) is weakly compact in X. Now, we derive by letting n — +oo
in (4.9) that w € K.(v). Since € > 0 is arbitrary, we have w € K (v). Thus (K2) holds.

Next we show (K1). Suppose that v € Ky, w € K(v) and {v,} C Kj such that v, — v
weakly in X. By the compactness of Ky in C(Q) we have that v, — v in C(Q). Since
cw € K(v) for all constant ¢ € (0,1) and cw — w as ¢ T 1 in X, it is enough to show the
existence of a sequence {w,} such that w, € K(v,) and w, — @ in X, when w = cw for
any ¢ € (0,1). In such a case, by conditions (4.5) and (4.8), we can take a small ¢ > 0
so that V| < k.(v) — ¢ a.e. on Q. Furthermore, for this ¢ > 0 we can find a positive
integer n. such that k.(v) < k.(v,) + ¢ for all n > n.. This implies that |V@| < k.(vy,)
a.e. on 2, namely w € K (v,) for all n > n.. Now we define {0, } by putting

i, for n > n.,
wn = . .
some function in K(v,) for 1 <n < n..
Clearly this is a required sequence in condition (K1).$

According to Lemma 4.1, we can apply Theorem 2.1 to solve the following quasi-
variational inequality:

u€ X, |Vu|l <k (u)ae onQ, u*eLQ)with u* € B(u) a.e. on

N
Z/ a;(z,u, Vu)(uy, — wy,)dx +/ u(u —w)dr < / f(u —w)dz, (4.10)
= Ja Q Q
Vw € X with |Vw| < k.(u) a.e. on €,
where f is given in L1(2), }D + % =1

Application 4.2. (Interior obstacle problem)

Let © be a one-dimensional bounded open interval, say (0,1), X := W?(0,1), 1 <
p < oo, and let ay(z,n, &) be a function which satisfy (al)-(ad) with N = 1. Let [ be the
same as above.

Also, let k.(-) be a Lipschitz continuous real function on R such that

k.(r) < k*, VreR, (4.11)
where k£* is a constant, and put

K@) :={we X;w >k (v) on (0,1)}, VveX. (4.12)
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Clearly, the constant function k* belongs to K (v) for all v € X. Futhermore, it follows
from (4.1) and (4.4) that

1
/0 {ar(z,v,v,)v, + 0" (v — k") }dz > eq|vli — €, (4.13)

Yo e X, Yv* e LY0,1) with v* € B(v) a.e. on (0, 1),
where ¢4 and ¢ are positive constants.

Lemma 4.2. The family {K(v);v € X} and the set Gy := {k*} satisfy conditions (2.2),
(2.3), (K’1) and (K2).

Proof. We observe that X is compactly embedded in C([0,1]). On account of this fact,
the verification of (K’1) and (K2) can be done in a way similar to that in the proof of
Lemma 4.1. Also, (2.2) and (2.3) are immediately seen from (4.11), (4.12) and (4.13). $

Now, given f € L%(0,1), by applying Theorem 2.2 we find functions v and u* such
that

u€ X, u>ke(u)on (0,1), u* € L90,1) with u* € B(u) a.e. on (0,1),

/01 (a0 (.11, 1) (1t — w2) + 0" (1 — w)} dr < /01 Flu = w)ds, (4.14)

Vw € X with w > k.(u) on (0,1).

Application 4.3.(Boundary obstacle problem)

We consider a quasi-variational inequality with constraints on the boundary. Let
X = W?(0,1), 1 < p < oo, and let a;(z,n, &) be a function satisfying condition (al)-
(a4) with N = 1. Let 3 be the same as above. Also, let ki(-), i = 0,1, be two Lipschitz
continuous real functions on R such that

Ei(r)<k*, VER, i=0,1,
where £* is a constant. We define
K@) = {w € X;w(i) > ki(v(i)), i =0,1}, Yve X, (4.14)

and Gy = {k*}, being the singleton set of constant function k*. Then it is easy to see that
Gy and the family {K (v)} satisfy conditions (2.2), (2.3), (K’1) and (K2) in the statement
of Theorem 2.2. Therefore, by Theorem 2.2, for each f € L4(0,1), % - % =1, we find
functions v and u* such that

uwe X, u(i)>ko(u(@)), i=0,1, u* e L90,1) with u* € §(u) a.e. on (0, 1);

/01 {a1(z,u, up) (g — wy) + u*(u—w)}de < /01 fu —w)dz,
Vw € X with w(i) > k.(u(i)), i =0, 1.

11



In Applications 4.2 and 4.3 we supposed that the space dimension of {2 is one, since
we do not know whether condition (K1) or (K1) holds or not in higher space dimensional
cases.

Application 4.4. Next we consider a system of quasi-variational inequality including
quasi-linear partial differential operators. Let ay(uq,uz), k = 1,2, be continuous functions
with respect to u; and us on R x R such that

cs < ap(ug,ug) <ci, Vup, ups € R,

and let fi(ux), k =1, 2, be maximal monotone operators from D(;) = R into R and

9
~

the primitives fx(r) := [y Bk(s)ds satisfy that
colr? — ¢ < Be(r) < erlr + ¢, VreR, k=1,2,

where py, k = 1,2, are constants satisfying 2 < p; < oo. Our problem is formulated in
the space X := WHP1(0,1) x W1P2(0,1), and define an operator 4y : X — X* by

1 1
< Ap(v,u),w >:/0 al(vl,v2)|u17r|p1*2u1,zw1,xdx+/0 ag(Ul,U2)’U27x’p272U27rw2’zd.’L’,

You = (Ul,Ug), U = (U1,U2), W = (wl?wQ) €X.

as well as an operator A : X — X* by A(v,u) := Ag(v,u) + (B1(u1), B2(uz)), namely, the
first and second compornent of A(v,u) are respectively written in the form

—(ay (vy, U2)‘U1,x‘p172ul,x)x + Gi(uy) and  — (as(vy, /02)‘“2,96‘]”72“2,3:)1: + Ba(ug),

which are multivalued, in general, because of (i(u;) and fy(uz). As was already seen
just before Application 4.1, A is bounded and semimonotone from X into X*. Further
let kie(uy,u2), k = 1,2, be Lipschitz continuous functions with respect to u = (uy,us)
on R x R such that k. < k* on R X R for a constant k*. Then, given f, € L%(0,1),
é%—i =1, k = 1,2, by virtue of Theorem 2.2 there exist vector functions u = (u1,u) € X

and u* = (uj,uy) € L9(0,1) x L%(0, 1) such that

ug > kie(ug,ug) on (0,1), uf € Br(ux) a.e. on (0,1), k=1,2,

1 1 1
/0 ak(ul,u2)|uk7x|p’“_2(uk7x — Wy, 5 )dx —i—/o uy (up — wy)dr < /o fre(up — wy)dz,
Vwy, € WHPr(0,1) with wy > kge(ug, ug) on (0,1), k=1,2.

5. Application to problems with non-local constraints

Let Q be a bounded domain in RY, 1 < N < oo, with smooth boundary I := 9%, and
let X := W'"(Q) or WP (Q), 1 < p < co. Let ag(x,n,€), i =1,2,---,N, and  be as
in the previous section; conditions (4.1), (4.2) and (4.4) are satisfied as well. Furthmore
let k.(-) be a Lipschitz continuous function on R with bounded Lipschitz continuous
derivative £/(-) on R; condition (4.11) is satisfied as well.

12



Given a singlevalued compact mapping A : X — X, we define constraint sets K (v) in
X by
KWw) :={w € X;w > k.(Av) a.e. on Q}, Vv e X. (5.1)

Clearly, K(v) is non-empty, closed and convex in X for every v € X.

Lemma 5.1. The family {K(v);v € X} given by (5.1) and the set Gy := {k*} satisfy
conditions (K’1) and (K2).

Proof. Assume that v, — v weakly in X and let w be any function in K (v), namely
w > k.(Av) a.e. on 2. We note that Av,, — Av in X and hence k.(Av,) — k.(Av) in X.
Putting w,, = w — k.(Av) + k.(Av,,), we see that w,, € K(v,), w, — w in X. Thus (K1)
is verified. Next, assume that w, € K(v,), w, — w weakly in X and v, — v weakly in
X. Then w, — w and v, — v in LP(Q2) as well as k.(Av,) — k.(Av) in LP(Q2). Hence
w > k.(Av) a.e. on Q, that is w € K(v). Thus (K2) is obtained.{

For the same mapping A := A, + 3 as in the previous section, all the conditions of
Theorem 2.2 are verified. Therefore, given a function f € L(Q), % + é = 1, there exists
a function v € X and u* € L(2) such that

u€ X, u>k(Au) ae. onQ, u* € B(u) a.e. on

N
Z/ a;(z,u, Vu)(uy, — vy, )dx +/ u(u—w)dr < / fu —w)dz, (5.2)
= Ja Q Q

Vw € X with w > k.(Au) a.e. on Q.

Next, consider typical examples of the mapping A.
(Example 5.1) Consider the case when p = 2 and X := W'?(Q). Let v be a positive
number. Then, for each v € X, the boundary value problem

—vAv+v=u in §, @:0 on I, (5.3)
on

has a unique solution v in W22(Q2). Now, we define A : X — X by v = Au, where v
is the solution of (5.3) for u € X. Since A is bounded and linear from X into W?22(Q),
we see that A is compact from X into itself; in fact, A = (I — vA)~!. In this case,
given f € L?*(), the quasi-variational inequality (5.2) with p = 2 is a system to find
u e WhH(Q) with u* € L*(R2) and v € W?%(Q) such that

u > ke(v) a.e.on Q, u* € B(u) a.e. on €,

é/ﬁai(aﬁ,% Vu)(tg, — wy,)dz ~|—/Qu*(u —w)dr < /Qf(u — w)dz,

Vw € X with w > k.(v) a.e. on , (5.4)

—vAv+v=wu a.e.on (],

g—” =0 a.e. onl,
n
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and by virtue of Theorem 2.2 the above system has at least one solution {u,,v,} for each
v € (0,1]. Also, see [12] for a related non-local quasi-variational inequality.

Proposition 5.1. Assume that the space dimension is one, p = 2 and = (0,1). Let
{u,, v, } e be a family of solutions of (5.4). Then {u,,v,} is bounded in W'2(Q2) x
Wh2(Q), and for any weak limit u of {u,} as v | 0 is a solution of the interior obstacle
problem (4.14).

Proof. By testing k* of (4.11) in quasi-variational inequality in (5.4) with v = u,, it
is easy to see that {u,},e@] is bounded in W'2(0,1), hence is relatively compact in
C([0,1]). Now, let u be any weak limit of {u,} and choose a sequence v, with v, | 0
so that u, = w,, — u weakly in W'%(0,1), hence u,, := u,, — u uniformly on [0, 1],
as n — oo. Putting v, := v, and multiplying —v,,Av,, + v, = u, by v, and —Auv,, we
obtain

1 1 1
/ |an|2dx+/ v, |2 S/ |V |1 |d,
0 0 0

1 1 1
yn/ |Avn|2dx+/ |V, |*dx §/ Vo, ||Vu,|dzx,
0 0 0

whence {v,,[Av, |72 )} is bounded and {v,} is bounded in W'?(0,1). Since v, — u, =
VpAv, — 0 in L2(0,1) and u, > k.(v,), it follows from the above esitimates that

v, — u weakly in W'?(Q) and uniformly on [0, 1] (5.5)
as well as
ke(vy) — ke(uw) uniformly on [0,1], u > k.(u) on (0,1). (5.6)

Let w be any function with w > k.(u) on (0,1). Given € > 0, choose a positive integer n.
so that

we > ko(u) +e > ke(vn), ute>k(u)+e>ko(v,), on(0,1), Vn>n. (5.7)

this is possible on account of (5.5) and (5.6). Now, take u + ¢ as w the quasi-variational
inequality in (5.4) which u,, satisfies, to get

1 1 1
/ a1 (2, Up, Up g ) (U — Uy )dx + / uy (U, —u — e)dr < / f(up —u —¢e)dz,
0 0 0

where u* € L?(0,1) is a function satisfying u*3(u,) a.e. on (0,1). Then we have

1 1
H :=limsup | a1(x, tp, U ) (Up e — ug)de + / s (uy, — u)dr < Moe,
n— 00 0 0
where M, is a positive constant. Since € > 0 is arbitrary, it holds that H < 0. This
inequality implies by the pseudo-monotonicity property that

1 1
lim a1 (2, Up, Up z) (Up o — Uy )dx —1—/ uy (U, —u)dr =0 (5.8)
0

n—oo 0

and
1 1 1 1
lim al(:c,un,un,x)wxdxjt/ uflwdac:/ al(x,u,ux)szdx—l—/ u wdz, (5.9)
0 0 0

n—oo 0
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Vi € WH(0,1),

where u* € L?(0,1) with v* € 3(u) a.e. on (0,1). Going back to the quasi-variational
inequality (5.4) with v = v, and u = wu,, and v = v,, for any n > n., we obtain by (5.7)

1 1 1
/ a; (T, Upy Up ) (U p — Wy )dx + / uy (U, —w — €)dr < / flu, —w —¢e)dx
0 0 0

for all w € W2(0,1) with w > k.(u) on (0,1). Letting n — oo in this equality and using
(5.8) and (5.9), we see that

H(u,w) = /01 a;(x, u, uy) (uy — wy)dr + /01 u(u —w)dr — /01 flu—w)dr < Mye

for all w € W2(0,1) with w > k.(u) on (0,1). By the arbitrariness of £ > 0 we conclude
that H(u,w) < 0 and wu is a solution of quasi-variational inequality (4.14). <

(Example 5.2) The second example of A is given as an integral operator as follows. Let
p(+,+,+) be a smooth function on RY x RY x R such that

‘p(x>y77n)| < C4|7“’ + Cil, Vl’, Yy € RN, Vr e R,

where ¢, and ¢} are positive constants. Then we define A : X := W'(Q) — X by

(Av)(x) = /Qp(x,y,v(y))dy, VeeQ, VYvelX.

Clearly A is compact from X into itself.
Now we give some concrete examples of integral operator A.

(Case 1) We consider as A the usual convolution operator by means of mollifier p. with
real parameter 0 < e < 1. Let

1 r—y
p8($7y) = 61va< c >7 vxayGRNv

where
c-exp{—#}, if |z] <1,

1—|z[?
po(x) :=
0, otherwise,

the constant ¢ > 0 being chosen so that /N podr = 1. Then, the mapping A = A, is
R
given by
(A0)(@) = [ plo = y)o(y)dy, Woe X, (5.10)

as well as the constraint set K (v) = K.(v) is of the form:

K.(v) = {w e X;w >k, (/Q p=(- — y)v(y)dy) a.e. on Q} .

According to the above existence result, for each € > 0 problem (5.2) with A := A, has at
least one solution u. (€ K.(u.)). For the family {u.} of solutions we see by taking w = k*
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in inequality (5.2) that {u.}o<c<1 is bounded in X. It is a quite interesting question what
happens as € — 0.

Proposition 5.2. Assume that the space dimension is one and 2 = (0,1). Let {u.}-co]
be a family of solutions of (5.2) with A = A.. Then {u.} is bounded in W?(0,1) and

any weak limit u of {u.} as e | 0 is a solution of the interior obstacle problem (4.14).

Proof. We take w = k* in (5.2) with u = u. and A = A, to get

1 1 1
/ a1 (z, g, Ue 5 ) Ue pdT +/ ul(u. — k*)dr < / flue — k*)dx.
0 0 0

It is easy to see from this inequality that {u.} is bounded in W'?(0,1). Now let u be any
weak limit of {u.} in W1?(0, 1) and choose a sequence &,, | 0 so that u,, := u., — u weakly
in W?(0,1) and uniformly on [0, 1]. In this case we have that A., u, — u uniformly on
[0,1] and u > k.(u) on (0,1). Therefore, in a way similar to that of Proposition 5.1, we
can prove that u is a solution of the quasi-variational inequality (4.14). {

(Case 2) Consider 2 = (0,1) and define p(z,y) by

plx,y) = { 8(:’7 —v) i ‘Z E % 3 (5.11)

where s(-) is a non-negative smooth function on R such that s(z) = 0 for x < 0. Then,
we define A : X := W'?(0,1) — X by

(Av)(x) = /01 s(x —y)(y)dy, Yve X.

where k.(+) is as before. In this case, by the definition of quasi-variational inequality any
solution u of (5.2) has to satisfy that

u(z) > ke (/01 s(x — y)u(y)dy) , ae. .z € (0,1). (5.12)

As is easily understood, the behaviour of u satisfying (5.12) is controlled by that of s(-),
and some suitable classes of functions s(+) are expected to play a role of an effective control
space, for instance, in optimal design problems. In this sense, it is interesting to derive
necessary conditions of u in order to satisfy (5.12). For instance, it is easily checked from
(5.12) that u(1) > k.(0), because, by (5.11), s(1 —y) = 0 for all y € (0,1). This means
that it may be possible to control the solution u of problem (5.2) by appropriate choice
of convolution kernel s(+).

(Case 3) In case p(x,y) is constant |Q] on R x RY, where |Q] is the volume of 2, we
define

1 1p
(Ao)(&) = 1 /Q w(y)|dy, Yo e, Yoe X :=WQ).

In this case, we see that A is a continuous mapping from the weak topology of X into R,
which is regarded as a compact mapping from X into itself.

16



References

1.

10.

11.

12.

13.

C.Baiocchi and A.Capelo, Variational and Quasivariational Inequalities, John Wiley
and Sons, Chichester-New York-Brisbane-Toronto-Singapore, 1984.

. A. Bensoussan and J.L. Lions, Nouvelle formulation de problémes de controle im-

pulsionnel et applications, C. R. Acad. Sci. Paris Sér. A, 276(1973), 1189-1192.

. A. Bensoussan, M. Goursat, J.L. Lions, Controle impulsionnel et inéquations quasi-

variationnelles stationnaires, C. R. Acad. Sci. Paris Ser. A, vol.276(1973), 1279-
1284.

. H.Brézis, Equations et inéaires dans les espaces vectoriels en dualité, Ann. Inst.

Fourier, Grenoble, 18 (1968), 115-175.

F.E. Browder, Nonlinear monotone operators and convex sets in Banach spaces,

Bull. Amer. Math. Soc., 71(1965), 780-785.

J.L. Joly and U. Mosco, Sur les inéquations quasi-variationnelles, C. R. Acad. Sci.
Paris Ser. A, 279(1974), 499-502.

J.L. Joly and U. Mosco, A propos de I'existence et de la régularité des solutions de
certaines inéquations quasi-variationnelles, J. Functional Analysis, 34(1979), 107-

137.

N.Kenmochi, Nonlinear operators of monotone type in reflexive Banach spaces and
nonlinear perturbations, Hiroshima Math. J., 4(1974), 229-263.

T. Laetsch, A uniqueness theorem for elliptic quasi-variational inequalities, J. Func-
tional Analysis, 18(1975), 286-287.

J.L. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math.,
20(1967), 493-519.

U. Mosco, Convergence of convex sets and of variational inequalities, Advances
Math., 3(1969), 510-585.

N. Nassif and K. Malla, Etude de Dexistence de la solution d’une inégalité quasi
variationnelle apparaissant dans la théorie des semi-conducteurs, C. R. Acad. Sci.
Paris Serie 1, 294(1982), 119-122.

L. Tartar, Inéquations quasi variationnelles abstraites, C. R. Acad. Sci. Paris Ser.
A, 278(1974), 1193-1196.

17



