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This is a supplementary part of the joint work ”Extended Gauss AGM and corresponding Picard
modular forms” by Kenji Koike and myself. We give here detailed proofs of the linear relations among
quartic power of Matsumoto theta functions induced from the family of Matsumoto hyperelliptic curves
C(x, y) : w4 = z2(z−1)2(z−x)(z−y) as Theorem 1.1, and the simplified expression of the main theorem
in the original paper of Matsumoto as Theorem 1.2.

1 Preambles

We recall the necessary notations.

B2 = {(u, v) ∈ C2 : 2 Im v − |u|2 > 0} = {ξ = [ξ0, ξ1, ξ2] ∈ P 2 : ξHtξ < 0},

whereH =




0 −i 0
i 0 0
0 0 1


 , u =

ξ2

ξ0
, v =

ξ1

ξ0
,

Ω(u, v) =




iu2

2 + v −u2

2 −iu

−u2

2 − iu2

2 + v u
−iu u i


 , (u, v) ∈ B2

g1 =




1 0 0
1 + i 1 1− i
−1− i 0 i


 , g2 =




2 + i −1− i −1− i
1 + i −i −1− i
1− i −1 + i i


 , g3 =




1 0 0
0 1 0
0 0 −1


 ,

g4 =




i 1− i 1− i
0 i 0
0 −1− i −1


 , g5 =




2 + i −1− i 1− i
1 + i −i 1− i
−1− i 1 + i i


 ,

g6 =




1 0 0
0 1 0
0 0 i


 , g7 =




1 −1 0
0 1 0
0 0 1


 , g8 =



−1 0 0
−1 −1 0
0 0 −1


 ,

G = 〈g1, g2, g3, g4, g5〉, G1 = 〈g1, g2, g3, g4, g5, g6〉,
G2 = 〈g1, g2, g3, g4, g5, g6, g8〉, G0 = 〈g1, g2, g3, g4, g5, g6, g7, g8〉,

where G,G1 and G2 act on t(ξ1, ξ2, ξ0) from left. As projective groups we have π(G0) = PU(2, 1;Z[i]), π(G1) =
π(G(1 + i)), where π indicates projectification and SU(2, 1,Z[

√−1]) = {g ∈ SL(3,Z[
√−1]) : gHtg =

H}, G(1+i) = {g ∈ U(2, 1;Z[i] : g ≡ E (mod (1+i))}. We need the rational representation N(δ6), N(δ8)
of g6, g8 , respectively:

N(g6) =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 −1 0 0 0




, N(g8) =




−1 0 0 −1 0 0
0 −1 0 0 −1 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1




.
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We use

ϑ

[
p
q

]
(v) =

∑

n∈Z

exp[πi(n +
p

2
)2v + 2πi(n +

p

2
)
q

2
] (p, q ∈ Z, Im (v) > 0),

ϑ

[
p
q

]
(z, Ω) = ϑ

[
p1 p2 p3

q1 q2 q3

]
(z,Ω)

=
∑

n=(n1,n2,n3)∈Z3

exp[πi(n +
p

2
)Ωt(n +

p

2
) + 2πi(n +

p

2
)t(z +

q

2
)],

(z ∈ C3,Ω ∈ H3 (the Siegel upper half space of degree 3), p, q ∈ Z3)

Matsumoto theta functions are defined by

Θ
[

p1 p2 p3

q1 q2 q3

]
(u, v) = ϑ

[
p1 p2 p3

q1 q2 q3

]
(Ω(u, v))

=
∑

n=(n1,n2,n3)∈Z3

exp[πi(n +
p

2
)Ω(u, v)t(n +

p

2
) + πi(n +

p

2
)tq].

We have 20 different Matsumoto theta functions Θ
[

a
b

]
(u, v):

number name characteristic {a, b}
n.1 Θh1 {{0, 0, 0}, {0, 0, 0}}
n.2 {{1, 0, 0}, {0, 0, 0}}
n.3 {{0, 0, 0}, {1, 0, 0}}
n.4 {{0, 0, 1}, {0, 0, 0}}
n.5 Θh2 {{1, 1, 0}, {0, 0, 0}}
n.6 ΘyN {{1, 0, 1}, {0, 0, 0}}
n.7 {{1, 0, 0}, {0, 1, 0}}
n.8 ΘxN {{1, 0, 0}, {0, 0, 1}}
n.9 Θh3 {{0, 0, 0}, {1, 1, 0}}
n.10 ΘxZ {{0, 0, 1}, {1, 0, 0}}
n.11 ΘyZ {{0, 0, 1}, {0, 1, 0}}
n.12 {{1, 1, 1}, {0, 0, 0}}
n.13 ΘyD {{1, 0, 1}, {0, 1, 0}}
n.14 ΘxD {{1, 0, 0}, {0, 1, 1}}
n.15 {{0, 0, 1}, {1, 1, 0}}
n.16 {{1, 0, 1}, {1, 0, 1}}
n.17 {{1, 1, 1}, {1, 1, 0}}
n.18 {{1, 1, 1}, {1, 0, 1}}
n.19 {{1, 0, 1}, {1, 1, 1}}
n.20 {{1, 1, 0}, {1, 1, 0}}

Table 3.1

Here we note Θ
[

1 1 0
1 1 0

]
(u, v) = 0, it reflects the fact that our curve C(x, y) is hyperelliptic.

A holomorphic function f(u, v) on B2 is said to be a modular form of weight d with respect to G0

provided

f(g(u, v)) = ((a1 + a2v + a3u))df(u, v), g =




a1 a2 a3

· · ·
· · ·


 ∈ G0. (1.1)

Let Md(G0) denote the vector space of such modular forms. We define the modular form for other
subgroups of G0 by the same way. We use the same notation for the vector spaces of such modular forms.
Already we have

2



[Fact 1] dimM4(G) = 4, dimM8(G) = 9.

[Fact 2] Fourth powers of Matsumoto theta functions Θ4
h1,Θ

4
h2,Θ

4
h3,Θ

4
xN ,Θ4

yN ,Θ4
xD,Θ4

yD,Θ4
xZ ,Θ4

yZ

belong to M4(G), and they are a system of generators of M4(G).

We claim here

Theorem 1.1 (Fourth powers relations)

Θ4
xN −Θ4

xD = Θ4
yN −Θ4

yD,

Θ4
h2 = 2(Θ4

xN −Θ4
xD),

Θ4
h1 −Θ4

h3 = 2(Θ4
xD + Θ4

yN ),

Θ4
xZ −Θ4

yZ = Θ4
xN −Θ4

yN ,

Θ4
h1 −Θ4

h2 + Θ4
h3 = 2(Θ4

xZ + Θ4
yZ),

Θ4
xDΘ4

yN = Θ4
xZ(Θ4

xN − (Θ4
xD),

Θ4
xNΘ4

yD = Θ4
yZ(Θ4

yN −Θ4
yD).

Theorem 1.2 (Simplified Matsumoto hyperelliptic theta map theorem)

(x, y) =




Θ4

[
1 0 0
0 0 1

]
(u, v)

Θ4

[
1 0 0
0 1 1

]
(u, v)

,

Θ4

[
0 1 0
0 0 1

]
(u, v)

Θ4

[
0 1 0
1 0 1

]
(u, v)


 .

Remark 1.1 The coincidence of the parameters x = y corresponds to the divisor u = 0 on B2. In this
case this formula is reduced to the classical Jacobi identity

λ =
ϑ4

[
0
1

]
(τ)

ϑ4

[
0
0

]
(τ)

.

2 Necessary tools

We use the following established tools.

Lemma 2.1 (Permutation Lemma after Matsumoto [Mat1])

Θ
[

p1 p2 p3

q1 q2 q3

]
(u, v) = exp[πip1q1]Θ

[
p2 p1 p3

q2 q1 q3

]
(iu, v) (2.1)

Lemma 2.2 (Exchange formula after Matsumoto（The multiplication factor is misprinted in the original
paper [Mat1])) We have

Θ
[

p2 p1 q3

q2 q1 p3

]
(u, v) = exp[πip2q2 +

πi

2
p3q3] ·Θ

[
p1 p2 p3

q1 q2 q3

]
(u, v).

Proposition 2.1 (Transformation formula (see for example [I])) Let g ∈ G0, and let Ng =
(

Ag Bg

Cg Dg

)

be its symplectic representation. Then we have

Θ
[
Ng ◦

[
a
b

]]
(g ◦ (u, v)) = ε(g, a, b) (det (CgΩ(u, v) + Dg))

1/2 Θ
[

a
b

]
(u, v).

Where

Ng ◦
[

a
b

]
=

[
Dga− Cgb + dv(Cg

tDg)
−Bga + Agb + dv(Ag

tBg)

]
,

( ”dv” indicates the diagonal vector) and ε(g, a, b) is a certain 8-th root of unity.
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Theorem 2.1 (Riemann Quartic Relation, see [Mum])

ϑ

[
a + b + c + d
e + f + g + h

]
· ϑ

[
a + b− c− d
e + f − g − h

]
· ϑ

[
a− b + c− d
e− f + g − h

]
· ϑ

[
a− b− c + d
e− f − g + h

]

=
1
23

∑

α,β∈Z3/2Z3

exp[−πi

2
tβ(a + b + c + d)] · ϑ

[
a + α
e + β

]
· ϑ

[
b + α
f + β

]
· ϑ

[
c + α
g + β

]
· ϑ

[
d + α
h + β

]

for a, b, . . . , g, h ∈ Z3/2Z3.

3 Quartic Theta relations

We define the mapping P of theta characteristics:

P :
[

p1 p2 p3

q1 q2 q3

]
→

[
p2 p1 p3

q2 q1 q3

]
.

We extend the action of P on the polynomial of Θ
[

p1 p2 p3

q1 q2 q3

]
’s in a natural way.

Lemma 3.1 We have

xN4 − xD4 = yN4 − yD4, xZ4 − xN4 = yZ4 − yN4.

proof] It holds

xN(u, v)4 − xD(u, v)4 = Θ4

[
1 0 0
0 0 1

]
(u, v)−Θ4

[
1 0 0
0 1 1

]
(u, v)

= Θ4P

([
0 1 0
0 0 1

])
(u, v)−Θ4P

([
0 1 0
1 0 1

])
(u, v) = P (yN(u, v)4 − yD(u, v)4)

We apply Theorem 2.1 for
[

a
e

]
=

[
1 0 0
0 0 1

]
,

[
b
f

]
=

[
c
g

]
=

[
d
h

]
=

[
0 0 0
0 0 0

]
.

Then we have

8Θ4

[
1 0 0
0 0 1

]

= Θ4

[
0 1 0
0 0 0

]
+ Θ4

[
0 1 0
0 0 1

]
−Θ4

[
0 1 0
1 0 0

]
−Θ4

[
0 1 0
1 0 1

]

+Θ4

[
0 1 1
1 0 0

]
+ Θ4

[
0 1 1
1 1 1

]
−Θ4

[
0 1 1
0 0 0

]
−Θ4

[
0 1 1
0 1 1

]
.

Here we used the fact that the theta constants with odd theta characteristics are identically zero, and

that Θ
[

1 1 0
1 1 0

]
= 0. By the same manner we have

8Θ4

[
1 0 0
0 1 1

]

= Θ4

[
1 1 0
0 0 0

]
+ Θ4

[
1 1 0
0 0 1

]
−Θ4

[
1 1 0
1 1 0

]
−Θ4

[
1 1 0
1 1 1

]

+Θ4

[
1 1 1
1 0 1

]
+ Θ4

[
1 1 1
1 1 0

]
−Θ4

[
1 1 1
0 0 0

]
−Θ4

[
1 1 1
0 1 1

]
.
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We have the similar equalities for yN4 and yD4 by the action of P . By taking their differences we have

9((xN4 − xD4)− (yN4 − yD4))

= (Θ4

[
1 1 0
0 0 1

]
−Θ4

[
1 1 1
0 0 0

]
)− P (Θ4

[
1 1 0
0 0 1

]
−Θ4

[
1 1 1
0 0 0

]
) = 0.

Here we made the reduction of the theta’s by using Matsumoto exchange formula .
We can show the second equality by the same method.

q.e.d.

Proposition 3.1 We have dimM4(G1) = 3, and M4(G1) = 〈Θh1,Θh2,Θh3〉.
proof].

We have the diagram

P 2 = (P 1 × P 1)/ι B2/G1
∼= P 2-

??

π π

B2/G
(u, v)

∼= {X0X3 = X1X2} ⊂ P 3P 1 × P 1

(x, y)
-

Φ

Ψ

Diagram 1: Period diagram

,where ι means the involution (x, y) 7→ (y, x). Then G1 determines an orbifold with the arrangement

name divisor weight
D0x {(x, y) : x = 0} 4
D1x {(x, y) : x = 1} 4
D∞x {(x, y) : x = ∞} 4
Dxy {(x, y) : x = y} 4

.
By observing the pull back of the 2-form du ∧ dv on B2 by the isomorphism

Ψ : P 2 = (P 1 × P 1)/ι → B2/G1

, we have

(du ∧ dv) = −3
4
D0x − 3

4
D1x − 3

4
D∞x − 3

4
Dxy.

For f(u, v) ∈ M4(G1), we have the relation
(
f(u, v)(du ∧ dv)4/3

)
≥ −D0x −D1x −D∞x −Dxy.

Let H be a hyperplane on P 2 = (P 1 ×P 1)/ι. The divisor Dxy is linearly equivalent to 2H. So we have

M4(G1) ∼= H0(P 2,O(5H +
4
3
K)).

And
H0(P 2,O(5H +

4
3
K)) = H0(P 2,O(H)) = 〈1, s, t〉,

where s, t are afine coordinates of P 2.Hence we obtain the required conclusion.
q.e.d.

We obtain the following by an analogous argument.
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Proposition 3.2 We have dimM4(G2) = 1, and M4(G2) = 〈Θ4
h2〉.

proof] We obatain dimM4(G2) = 1 by a similar Riemann-Roch argument as above. It is sufficient just
to show Θ4

h2 ∈ M4(G2). g8 has the rational representation

N(g8) =




−1 0 0 −1 0 0
0 −1 0 0 −1 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1




.

According to the Transformation formula we know

Θh2(u, v) = ϑN(g8) ◦
[

1 1 0
0 0 0

]
(N(g8) ◦ Ω(u, v))

= ϑ

[
1 1 0
0 0 0

]
(N(g8) ◦ Ω(u, v)) = ρ exp(2πi)ϑ

[
1 1 0
0 0 0

]
(Ω(u, v)),

where ρ is an 8-th root of unity. So it holds

Θ4
h2(g8 ◦ (u, v)) = ±Θ4

h2(u, v).

We can determine the signature by an approximate calculation, and we find that it is positive. Namely
Θ4

h2(u, v) ∈ M4(G2).
q.e.d.

Lemma 3.2 We have Θ4
h2 = 2(Θ4

xN −Θ4
xD).

proof] According to Lemma 3.1 f(u, v) = Θ4
xN − Θ4

xD belongs to M4(G1). So we show it belongs to
M4(G2). For it, we should see the automorphic property just for g8:

f(g8(u, v)) = f(u, v). (3.1)

According to the transformation formula we have

ΘN(g8) ◦
[

1 0 0
0 0 1

]
(g8(u, v)) = Θ

[
1 0 0
0 1 −1

]
(u, v + 1) = ε

√−1Θ
[

1 0 0
0 0 1

]
(u, v),

where ε is a 8-th root of unity that is independent of the characteristic. So we have

f(g8(u, v)) = ±f(u, v).

We can determine the signature by an approximate calculation, and it is positive. So we obtain the
equality (3.1) as desired.

As both Θ4
h2 and 2(Θ4

xN − Θ4
xD) belong to M4(G2), they differ just a constant factor. By observing

the shape of Ω(u, v) we have

Θ
[

p1 p2 p3

q1 q2 q3

]
(0, v) = ϑ

[
p1

q1

]
(v) · ϑ

[
p2

q2

]
(v) · ϑ

[
p3

q3

]
(i).

By using the Jacobi identity ϑ4

[
0
0

]
= ϑ4

[
1
0

]
+ ϑ4

[
0
1

]
, we have

Θ4
h2(0, v)− 2(Θ4

xN (0, v)−Θ4
xD(0, v)) = ϑ8

[
1
0

]
(v){ϑ4

[
0
0

]
(i)− 2ϑ4

[
0
1

]
(i)} = 0.

q.e.d.

Lemma 3.3 We have 2(Θ4
xZ + Θ4

yZ) = Θ4
h1 −Θ4

h2 + Θ4
h3.
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proof]. Set f1 = 2(Θ4
xZ + Θ4

yZ) and set f2 = Θ4
h1 − Θ4

h2 + Θ4
h3. Both of then are symmetric under the

action of P . So they belong to the one dimensional vector space M4(G1). Then it is sufficient to show
that the ratio f1/f2 ≡ 1. For it, we consider the values on the divisor {u = 0}.

We have

f2(0, v) = Θ4
h1(0, v)−Θ4

h2(0, v) + Θ4
h3(0, v) = ϑ4

[
0
0

]
(i)

{
ϑ8

[
0
0

]
(v)− ϑ8

[
1
0

]
(v) + ϑ8

[
0
1

]
(v)

}

= 2ϑ4

[
1
0

]
(i)

{(
ϑ4

[
1
0

]
(v) + ϑ4

[
0
1

]
(v)

)2

− ϑ8

[
1
0

]
(v) + ϑ8

[
0
1

]
(v)

}

= 4ϑ4

[
1
0

]
(i)ϑ4

[
0
1

]
(v)

(
ϑ4

[
0
1

]
(v) + ϑ4

[
1
0

]
(v)

)
= 4ϑ4

[
1
0

]
(i)ϑ4

[
0
1

]
(v)ϑ4

[
0
0

]
(v).

And we have

f1(0, v) = 2(Θ4
xZ(0, v) + Θ4

yZ)(0, v) = 4Θ4
xZ(0, v)

= 4ϑ4

[
0
1

]
(v)ϑ4

[
0
0

]
(v)ϑ4

[
1
0

]
(i).

So we have f1(0, v) = f2(u, v). It means the required equality on the whole domain B2.
q.e.d.

The rest of the equalities in Proposition 1.1 can be showed by the same manner. So we obtain all the
required equalities.

4 Reduction of the Matsumoto theta formula

The original Matsumoto theta formula ([Mat1])is given by

x =
Θ2

[
0 1 1
1 1 1

]
Θ2

[
1 0 0
0 0 0

]
Θ2

[
1 0 0
0 0 1

]
Θ2

[
0 1 1
0 0 0

]

Θ2

[
0 1 1
0 1 1

]
Θ2

[
1 0 0
0 1 0

]
Θ2

[
0 1 1
1 0 0

]
Θ2

[
1 0 0
0 1 1

] ,

y =
Θ2

[
0 1 1
1 1 1

]
Θ2

[
1 0 0
0 0 0

]
Θ2

[
0 1 0
0 0 1

]
Θ2

[
1 0 1
0 0 0

]

Θ2

[
0 1 1
0 1 1

]
Θ2

[
1 0 0
0 1 0

]
Θ2

[
1 0 1
0 1 0

]
Θ2

[
0 1 0
1 0 1

]
.

According to Exchange formula we have




Θ2

[
1 0 0
0 0 1

]
Θ2

[
0 1 1
0 0 0

]
= Θ4

[
1 0 0
0 0 1

]

Θ2

[
0 1 1
1 0 0

]
Θ2

[
1 0 0
0 1 1

]
= Θ4

[
1 0 0
0 1 1

]

Θ2

[
0 1 0
0 0 1

]
Θ2

[
1 0 1
0 0 0

]
= Θ4

[
0 1 0
0 0 1

]

Θ2

[
1 0 1
0 1 0

]
Θ2

[
0 1 0
1 0 1

]
= Θ4

[
0 1 0
1 0 1

]
.

For the proof of Theorem 1.2, it is sufficient to show

Θ2

[
0 1 1
1 1 1

]
(u, v)Θ2

[
1 0 0
0 0 0

]
(u, v) = Θ2

[
0 1 1
0 1 1

]
(u, v)Θ2

[
1 0 0
0 1 0

]
(u, v). (4.1)

As we discussed in the proof of Dimension formula ([Ko-Shi2]), a meromorphic modular form f(u, v)
with respect to G belongs to M4(G) if and only if

f(u, v)(du ∧ dv)4/3 ≥ −3D0x − 3D0y − 2
3
Dxy.
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So f(u, v) ∈ M4(g) is zero on {u = 0} if and only if

f(u, v)(du ∧ dv)4/3 ≥ −3D0x − 3D0y +
1
3
Dxy.

We have
H0(P 1 × P 1,O(

8
3
D0x +

8
3
D0y +

4
3
K)) ∼= H0(P 1 × P 1,O) ∼= C.

Then
dimC{f(u, v) ∈ M4(G) : (f) ≥ {u = 0}} = 1.

Because ϑ

[
1
1

]
(v) = 0, both sides of (4.1) are zero on {u = 0}. So they differ only a constant factor. Let

us determine this constant.
Put

f3(z, u, v) = ϑ2

[
0 1 1
1 1 1

]
(z, Ω(u, v)) · ϑ2

[
1 0 0
0 0 0

]
(z, Ω(u, v)),

f4(z, u, v) = ϑ2

[
0 1 1
0 1 1

]
(z, Ω(u, v)) · ϑ2

[
1 0 0
0 1 0

]
(z, Ω(u, v)).

For p, q, p′, q′ ∈ Z3/2Z3, we have

Θ
[

p
q

]
(u, v)

Θ
[

p′

q′

]
(u, v)

=
ϑ

[
p
q

]
(0,Ω(u, v))

ϑ

[
p′

q′

]
(0,Ω(u, v))

= lim
z→0

ϑ

[
p
q

]
(z, Ω(u, v))

ϑ

[
p′

q′

]
(z, Ω(u, v))

.

So it holds

lim
u→0

Θ
[

p
q

]
(u, v)

Θ
[

p′

q′

]
(u, v)

= lim
u→0

lim
z→0

ϑ

[
p
q

]
(z, Ω(u, v))

ϑ

[
p′

q′

]
(z,Ω(u, v))

= lim
z→0

lim
u→0

ϑ

[
p
q

]
(z, Ω(u, v))

ϑ

[
p′

q′

]
(z, Ω(u, v))

= lim
z→0

ϑ

[
p
q

]
(z,Ω(0, v))

ϑ

[
p′

q′

]
(z, Ω(0, v))

= lim
z→0

ϑ

[
p1

q1

]
(z, v)ϑ

[
p2

q2

]
(z, v)ϑ

[
p3

q3

]
(z, i)

ϑ

[
p′1
q′1

]
(z, v)ϑ

[
p′2
q′2

]
(z, v)ϑ

[
p′3
q′3

]
(z, i)

.

By applying this formula we obtain
f3(z, 0, v)
f4(z, 0, v)

= 1.

So we have

lim
z→0

f3(z, 0, v)
f4(z, 0, v)

= 1.

It means the required equality.
q.e.d.
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