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0 Introduction

For two positive numbers a, b, set ¢,(a,b) = (%b, Vab) and inductively set Vg (a,b) = wg(i/zg’l(a, b)) =
(an,bpn). Then we have a common limit

Mgy(a,b) = lim a, = lim b,.

n—oo n—oo

This is called the Gauss Arithmetic Geometric Mean (we use the abbreviation Gauss AGM). Concerning
this Gauss AGM we have two classical identities both we can find in the literature of Gauss himself.

Theorem 0.1 (Gauss [GaT] 1799) For z € (0,1) we have

;:l/m dz _
AGM(Lx) 7)i VeG-D=-N

The right hand side F' means the Gauss hypergeometric function.

F(%,%,l;AL (A=1-2?%. (0.1)

Setting the Jacobi theta function and theta constant for p,q € {0,1}?

v B} (2,7) = ) explmi(n + g)Qr + 2mi(n + g)(z + 4y,

2
nez
) B} (1) = 7Z;exp[m'(n + 2)27' + mi(n + g)q],

we have

Theorem 0.2 (Gauss [GaH] 1818)

9 mz(zr) ~1 <q9 {gr (7) + 0 [(1)]2 <T)>
9 mQ(QT) —9 m ()9 m (7).

The latter theorem shows the relation of the (coefficients of the realized) elliptic curves corresponding to
two isogenous torus C/Z + 7Z and C/Z + 27Z. So in general this theorem is referred as the isogeny
formula for the Jacobi theta constants.

Any way these two theorems are telling us a very interesting story concerned with AGM, periods of
algebraic varieties, hypergeometric functions and modular forms at a same time. But still now there is
no sufficiently nice generalization for it.

In this article we show an extended story of Gauss AGM to two variables case by using Picard
modular forms for Q(y/—1) studied by Matsumoto [Mat1] which is coming from one of the Terada and
Deligne-Mostow list.

(0.2)



1 Extended Gauss AGM and the Appell F; (First Main Theo-
rem)

1.1 Extended AGM system
At first let us consider a trivially extended Gauss AGM system

b b
(a, b, V/ab) ("* Vab, /& @) .
We generalize it to the system of three terms. Let a,b and ¢ be positive real numbers. Set

¥(a, b, c) = (“‘2”’0 i‘/i(cuab)(cu “2;”’2)), (1.1)

and set
(an7 bnv Cn) - ¢(an717 bnfla Cn71)~

Theorem 1.1 Suppose 0 < a,b, ¢, then the sequences {an}, {bn} and {c,} have a common limit.

Definition 1.1 Let us denote the above limit by M (a,b,c), and call it Extended Gauss AGM.

Lemma 1.1 We have
min{a, b, c} < min{ay, by, c1} < Max{ay,b1, 1} < Max{a,b,c}.

[proof].
Set min = min{a, b, ¢}, Max = Max{a, b, c}.
Obviously we have aq,b; € [min, Max].

Set
/c2+ab ﬁ_ a2+b2)

a’+b2
2

We see easily ¢, cﬁ € [min, Max]. Because ¢? + ab < ¢ +

, we have

cii <c gcﬁ.

So we have ¢; € [min, Max]
q.e.d.

Remark 1.1 [t happens that
min{a, b, ¢} = min{ay, b1, 1} < Max{aq,by1, 1} = Max{a,b,c}.

For example (a,b,c) = (1,1,2).

The following Proposition assures Theorem 1.1.

Proposition 1.1 Suppose 0 < p < a,b,c < v for fivred positive numbers p,v. Then
Max{az, ba, c2} — minf{asg, b2, c2} < p(Max — min)

for some positive number p(p,v) < 1.



[proof].
Assume a < b < ¢. Then

ai+by  (a+0b)/2+c S ate

2=y T 2 =9
and
/ b b
Cl+a11 +a11 \/ (c+a)(c+b) > a—|—c'
We have

2 1 ab 2 1 42
bzclzc?\/c ra Z\/C Ta > vac.

2 2

By cosidering obvious inequality as, ba, co < ¢, we have

Max{asg, b2, ca} — min{asg, b2, ca} < c—vac /e < N4 <1
c—a T c—a et va T Ju+v

Assume a < ¢ < b, then we have

u 7a1+b17(a+b)/2+c> aera
T2 2 V2w

and
) > ; /Cl+a1b1 +a1b1 \/m Cl+b
We have
2 +ab a+b
by = 1 > b:\/C >\/ .
2 1 = C 9 = B a
So we have
. bh— . /atb,
Max{asg, ba, ca} — min{asg, be, ca} < 2
b—a - b—a

By putting b/a = t, we have

Max{az, ba, c2} — min{as, ba,ca} t—+/(1+1¢)/2

<
b—a - t—1
We have
d (t=y/(@d+1)/2\ _ 2(t —1)? =0
dt t—1 3V2+V2t+4V1+¢
fort > 1. So

—/(1+1t)/2 v Vilp+v)/2 -1

t—1 V=L

This argument works for the case ¢ < a < b also.
So we obtain the required inequality.

Maxie(1,u/p]

1.2 Functional equations

Set
oy = 2@ Y) oty Vet vV +a)(+y)
(1+ 79)? 2 1+ y19)?

q.e.d.



for real numbers 0 < z,y < 1, namely

xﬁ:(ﬁ+ﬂ) (1+2)(1+y) +i(vVr — y)/ (1 —2)(1 —y)
1+ yay)?

i Vet vy +a)(+y) —iVe -y —2)(1 —y)

Y I+ y79)? ’

here we choose real positive square roots.
We have

Proposition 1.2

/ 1+./ # #
(1 7 x+y>: +2a:yM< Tﬁ a:—i—y).
[proof]. It holds

1+./
M<17 VT, x?’)—M( LI d;w;h@ﬁ;y#;%)

M (”2“@, Neae) ;€/<\/5+\/§)2(1+x>(1+y)>

1+mM<1 W(azm) %ﬁwmwx)my))
2 VT

1+ /ay)* (1+zy)*

_ Ve, z+y) (VT + vy +2)(1+y)
2 1+\ﬁ27 (1+ xy)?

# #
1+,/ (1 i, x+y>

Let Fy(a,b,b, c;x,y) be the Appell hypergeometric function

a,m+n)b,m)t',n) .. .
(@bt ey = Y TR (i) g < 1)

m,n>0
of complex variables x,y with the Pochmammer notation

_Jala+1)---(a+k—-1), (k>1)
(“”“)_{o, (k=0).

This is a solution of the differential equation
.Z'(l - x)fwac + (1 - x)yfwy + (C - (CL + b+ 1)m)fac - byfy - abf = 07
Er(a,b, bl,C) YA =Y fyy + A =y)xfoy + (c—(a+ b+ y)fy —bafe —ab' f =0,

(@ =Y fay =V fo+bfy =0,
and it is characterized as the solution f(z,y) which is holomorphic at (x,y) = (0,0) and f(0,0) = 1.

Theorem 1.2 We have

111
Fi(z,=, =, ;1 —2%1—y?) =

53 I Fi(g o p il = @)% 1= )7

)

1
4

N =
N

2
1+ /zy

for real variables 0 < z,y < 1.



[proof]. First let us note the system E; (%, %, %7 1) :

Py = Pi(z,y,0,,0,) = x(1 — 2)02 + y(1 — )0, 0, + (1 — %x)@x — iyay — %
Py = Py(x,y,0,,0y) = y(1 — )52 +2(1 —y)0,0, + (1 — )By — ix@m — % (1.2)
Py=(1-2)0,P,— (1 —y)0,P1 + (P1 P) = %(m —Y)0,0y — %(835 —0y)

gives the differential equation for Fy(3, 1, %,1;2,y).
From the definition of ¥ and y! we have

1_(xﬁ)2 _ (\/ (17‘%2)(1 )72(1.7?»)2
(1+ \F)
s (V=221 —9?) +i(z —y))?
-0 = (Eve: |
Putting * = X2, y = Y2 we are requested to show
1+XYF1(1—X4, 1-YY = F(®,(X,Y), &o(X,Y)) (1.3)
with
1-XH(1-Y4H —4i(X2-Y? ’ 1-XH1-YH +4i(X2-Y? ’
q,l(Xy):(J( ><(1+X1>/)2< >>’ @2(X7Y>:<¢< ><(1+X3>/)+2< ))

Now we are going to describe the differential operators which annihilate Fy(1 — X4, 1 — Y*) and
F1(®1(X,Y), ®2(X,Y)), respectively.

Lemma 1.2 The system

_ 4
Q= =50% + X290y — LX0x + 1550 —g

16X2 16Y3 8Y3
_ 1-Y* 92 Y
QQ — 16Y2 6 16X3 aXaY - 7Y8Y + 16X3 aX' (14)
_ Xty 1
Q3 — T 32X3Y3 a)(aY + 32xs8X ~ 32y% 8Y

annihilates Fy (1 — X*, 1 —Y*).
[proof]. We get the above system by just putting

1 1
_ 4 _ 4 _ —
r=1-XY y=1-Y" 8 =-—50x, 9 =150

in the system (1.2).

Lemma 1.3 Putting R; = (1+ XY)-Q; - (1 + XY)™! the system

_ 1-X*92 o X*roviiaxdyS4xtyt (1 Y3IxX2-v?-x3a-v?
Ry = 16X2 Ix +% 16Y3 8X5' 16X2Y3(1+XY) Ox + 16Y3(1+XY)8Y 8X2Y3(1+XY)?

_1-Y*o92 + Ya- RS _ Yi'extiavixi4vixd (1-x* X3(Y2-X?)—-y3(1-Xx1)
Ry = oy Iy 16X3 Ox Oy 16Y2X3(1+Y X) Iy + 16X3(1+Y X) Ox — 8Y2X3(1+Y X)?

3 5 2(Xx4—v*
R3 = _32X13Y3 <(X4 —Y*")oxoy — 1+?; Ox + )1(+4)?; dy — (1+XY)2))

XY
Fi(l1-X%1-Y%.

annihilates



Let S1(S2) be the operator obtained from P (P»), respectively, by substituting

2] [#(X,Y) 0,1 [0®,/0X 0%,/0X] " [0x
y| | ®0X,Y) |’ Oy | | 091/0Y 0®y/0Y Oy |’
They take some complicated shapes, but
8(X? —Y?)(1-XY)?

T =8(X2+Y?)(1 - XY)»3(S1 +8,), Tp= X T YY) (Sy — S)

can be represented in an explicit way:

Lemma 1.4

T, = Y(1—XH2(X -Y3)0% 4+ (1 - XH(1 - YH(X2+Y?)(1 - XY)Ix0y
+X(1-YH2(Y - X)0f — (1 - XH)(X? - Y +2X'Y +4XY? —4X?Y3 — X3Y* - YV5)ox
—(1=YH(Y3 - X +2Y*X +4Y X2 —4Y2X3 - V3X* - X%)0y —2(X2 +Y?)(1 - XY)3
V(1= XYY - X3)0% — (X*—YH(1 - XY)0ox0y — X(1 - YH(X - Y392
(X5 — X2Y +2X°V — X3Y2 -~ Y3)ox — (VP —Y2X +2Y°X — Y3X2 — X3)0y.

T

By comparing the results in Lemma 1.3 and Lemma 1.4 we obtain:

Lemma 1.5

1 _ 4 3
oy = X(1- XY (X —Y3)R,
+Y (1= YH(Y = X3)Ry +2(1 — X4)(1 — YH)(X2 — Y2)R,
1
_ = _x3 _ _v3
oy 2 X(Y - X3Ry - V(X — YR,

+2(XY + X2Y2 — X3Y3 + X4y4 — X4 — Y*)Rs.

So T and T5 annihilate %Fl(l — X% 1-Y*). Hence S; and Sy annihilate #Fl(l - X4 1-Y%)
also. Namely #Fﬂl — X% 1 — Y*) satisfies the same differential equation S; + Sp with three
dimensional solution space as F;(®1(X,Y), ®2(X,Y)).
This system has unique holomorphic solution at (X,Y) = (1,1) up to a constant factor. So we have
the required equality.
q.e.d.

1.3 First Main theorem

Theorem 1.3 Assume 0 < z,y <1 and set \=1—2% p=1—14>

theorem for Extended Gauss AGM:

. Then we have the following trinity

du

1 1 [ 111
= — :F 777,771,)\, . 15
M1, /zy,\/(x+y)/2) 77/1 Vu2(u—1)2(u — N)(u — p) 1(2 44 W (19)

1
[proof]. According to Proposition 1.2 and Theorem 1.2 , we know that and

M1, zy,«/(z +y)/2)
Fl(%, %, %, 1; A, ) satisfy the same functional equation. Set
111
g<xay) = F1<§7 Za 17 17 )\?/’I’>M(1) VIY, vV (.’17 + y)/2)

Then we have
g(z,y) = g(a*, o).
Note that we have

lim 2 =1

n—00 Cp



for the Extended AGM system (a,,, by, c,). So, by the iteration of the procedure (z,y) — (2%, %) , we
have g(x,y) = 1. Hence the left hand side and the right hand side in (1.5) coincide. The second equality
in the statement of the Theorem is nothing but the integral representation of the Appell hypergeometric
function. Namely we obtained the required equalities.

q.e.d.

2 Modular interpretation and isogeny formula

2.1 Matsumoto hyperelliptic modular function for C(z,y) (sum up with cor-
rections)

Here we review the result of K. Matsumoto [Matl] with some modifications and small corrections. Let
us start from the family of algebraic curves

Clz,y) w' =22z = 1) (2 —2)(z —y)  ((z,9) € C* —{ay(z —1)(y — 1)(z —y) = 0}).(2.1)

C(z,y) has a model of compact nonsinguler hyperelliptic curve of genus 3. We denote it by the same
notation. The differentials
dz/w, 2(z — 1)dz/w?, 2*(z — 1)dz/w?

form a basis of holomorphic 1-forms on C(z, y).

For the moment suppose x and y are real and satisfy 1 < x < y. Let a be the automorphism
(z,w) = (2,/—1w) of C(x,y).

Let us make three 1-cycles. Choose branches w(®, w® w® w®) of w over {Im z >0} — {0,1,z,y}
s0 as to be a(z,w®) = (z,w* D) with w® = w(®. For real numbers 21, 25 let [z, 2o > be an oriented
line segment connecting z; and 2, in this order. Let [21,20 >*) be an arc on C(z,y) over [z, 2 >
with the branch w(®). Set

Ay =1[0,—00 > 4[=00,0 >® By =[1,0>@ 40,1 >® A5 =[y,z >O 4[z,y >D .

They are considered as 1-cycles on C(x,y). By making their analytic continuations we can define multi-
valued analytic functions

dz dz dz
al(x7y) :/A 57 ag(;v,y) :‘/B EJ a5(x7y) :/A E
1 1 3

on C? — {xy(x — 1)(y — 1)(x — y) = 0}. These setting and notation are the same in [Mat1].
[Fact 1] a1(z,y), az(z,y), as(x,y) satisfy the differential equation E1(3, 1, ;) of the Appell hyperge-
ometric function Fi(3, 1, 1;%,y) and they form a basis of the space of solutions.
We define the Schwarz map for El(%, i, i) by

®: (2,y) — (u,v) = (as/a1,as/a;) € C?.
[Fact 2] The image of ® is contained in the hyperball

B? = {(u,v) € C?: 2Im v — |u|* > 0}
and it is open dense in B2. The map ® has a continuation on P x P! —{(0,0),(1,1), (c0,o0)} and the
image is equal to B2.

[Fact 3] The fundamental group m (C? — {zy(x — 1)(y — 1)(z — y) = 0}, *) induces the monodromy
group G of ® acting on B?. The following five transformations give a generator system of G:

1 0 0
o= 1+i 1 1-i],
“1-4i 0 i

2+i —1—i —1—i
gp=1+i —i —1-il],
1—i —144i i



1 0 O
gs = 0 1 0 s

0 0 -1

i 1—1 1—1
g4 = { 0 3

0 -1-7 -1

2440 —1—i 1—i
gs=| 14+i —i 1—i],
~1—i 144 i

where g; (1 = 1,2,3,4,5) acts on *(1,v,u) from left. Their orders are 4,4,2, 4,4 and eigen values are

{1,1,4},{1,1,i},{1,1, -1}, {-1,4,4},{1,1,4},

respectively (the original article contains a printing error for gs).
The Schawarz map ¢ induces a biholomorphic correspondence

P! x P'~ B2?/G,

and three points (0,0), (1,1), (0o, 00) correspond to the boundaries B2/G — B?/G.
[Fact 5] We can realize B? in the form

D= {f = [50361752] S P2 : SHtE< 0}7

0 —i 0
H=(4+ 0 0
0 0 1
The map
v+iu?/2 —u?/2  —iu
Qu,v) = —u?/2  v—iu?/2 u
—iU U v

gives an modular embedding of B? into the Siegel upper half space of degree 3. Set
Go=U(2,1,Z[V-1]) ={g € GL(3,Z[vV/-1]): gH'g=H}.

Go becomes a restriction of Sp(6,Z) on Q(B?%). Note that the projective group Go = Go/{(v/—1) is
isomorphic to

SU(2,1,Z[V=1)) = {g € SL(3, Z[\/—1]) : gH'g=H}.
[Fact 6] Set

O = O
SO O

1

gs=10

0

Then the group generated by G and gg together with v/—1 becomes the congruent subgroup

Gl4+vV=1)={geGy: g=id (mod(1+v-1)}.

FaCt 7] Forp: (p17p27p3)7q = (CI17QQ»(]3) S Z37 let
e [ R e eird [ CR)
q1 42 (g3 g1 42 (g3

= Z exp|[mi(n + g)Q(u,v)t(nJr g) + wi(n + g)tq]

n=(n1,n2,n3)€Z3

be the Riemann theta constant with half integral characteristics defined on B? via the embedding €.



Theorem 2.1 (Matsumoto hyperelliptic theta map theorem)

(z.y) = 94[(1) 8 ﬂ(u’v)7 94[8 (1) ﬂ(u’v)
@4[(1) ) ﬂ(u,v) @4[(1) : ﬂ(u,v)

Remark 2.1 The denominators and the numerators on the right hand side have common zero on some
divisors of B?. But according to the argument on the period map, we have extensions v = x(u,v), y =
y(u,v) as holomorphic maps on the whole domain B?.

[Fact 8]

Lemma 2.1 (Fourier expansion)

e [pl b2 pi”] (u,v)

a q1 g3
= HZ; exp[—g{(m + %) +i(n2 + %2)}2“2] exp|mi{(n1 + %)(h +(m2+ %)QQ}]
0 | 75| (00 + ) = it + i) explrifnn + 212+ (na + 22230

Lemma 2.2 (Matsumoto exchange formula O The multiplication factor is misplaced in the original pa-
per)) We have

. i P2 p1 Q3 P1 p2 P3
exp|mi + — -0 u,v) =6 U, V).
plmipias 2'p3q3} {(h Q1 ps}( 0) [Ch q2 %]( )

2.2 9 theta constants with monodromy invariant characteristics

Recall the transformation formula for theta constants:

Proposition 2.1 (Transformation formula (see for example [I])) Let g € Gy and N, = (

QQQ
ooy

Q@
S~——

g

its symplectic representation. Then we have

a a

S) [Ng ° {b” (g0 (u,v)) = £(g,a,b) (det (C,Qu,v) + Dy))/* O M (u, v).

Where

soo 3] = [ P |

(7dv” indicates the diagonal vector) and (g, a,b) is a certain 8-th root of unity.

By use of the transformation formula we obtain the following two propositions. Because the calculation
is straight forward we omit the detail.

Proposition 2.2 (1) There are 36 even theta constants 9 [Z} (Q) with a'b = 0(mod 2). Among them

we have 20 different © {Z] (u,v):



number name  characteristic {a,b}
ni  ©m  {{0,0,0],{0,0,0]}
n.2 {{1a070}7{0a0’0}}
n.8 {{0,0,0},{1,0,0}}
n.4 {{0,0,1},{0,0,0}}
n5  On  {{1,1,0},{0,0,0}}
n.6 O,y {{1,0,1},{0,0,0}}
n.7 {{1,0,0},{0,1,0}}
n.8 O,y {{1,0,0},{0,0,1}}
n9  ©On  {{0,0,0},{1,1,01}
n10  ©,7 {{0,0,1},{1,0,0}}
n.11 0,z {{0,0,1},{0,1,0}}
n.12 {{1,1,1},{0,0,0}}
n13  ©,p {{1,0,1},{0,1,0}}
n1j  ©,p {{1,0,0},{0,1,1}}
n.15 {{0,0,1},{1,1,0}}
n.16 {{1,0,1},{1,0,1}}
n.17 {{1,1,1},{1,1,0}}
n.18 {{1,1,1},{1,0,1}}
n.19 ({1.0.13.{1,1,1}}
n.20 {{1,1,0},{1,1,0}}

Table 3.1

(2) We have 9 even theta’s with Ny o [

b

with proper names.

We call the nine theta constants in Proposition 2.2(2) G-invariant thetas.
We note here that the rational representation of the transformation

a1 a2 as
by by b3 | €Gy

C1 C2 C3
is given by
Re b2 —Im b2 —Im bg Re bl —Im bl Re b3
Im bg Re bg Re b3 Im b1 Re bl Im b3
Imec; Receo Reecs Imecg Recep Imeg
Reas —-Imay —Imaz3 Rea; —Ima; Reas
Imay; Reag Reas Ima; Rea; Imag
Reco —Imecy —Imec3 Ree; —-Ime; Recs
and that we have
det g - det (CyQ(u,v) + D,)) = (a1 + agv + azu)?,
det a1 a2 as
Dlolwv) _ detg or g -
O(u,v) (a1 + agv + azu)?

2.3 generator systems of the structure ring

} = [a} (mod2) for g € G, those are indicated in Table 3.1

A holomorphic function f(u,v) on B? is said to be a modular form of weight d with respect to Gg

provided

flg(u,v)) =

10

((a1 + agv + azu))? f(u, v),

a1

g:

az

as

(2.2)



We define the modular form for other discrete groups in the same way. We use the following notation:
M4(G) : the vector space of modular forms of weight d with respect to G,
M4(G(1 + 1)) : the vector space of modular forms of weight d with respect to G(1 + ),
M(G)(M(G(1+1))) : the graded ring of modular forms with respect to G(G(1 + 7)), respectively.
We note that the definition (2.2) has a meaning only for d of divisible by 4.

Proposition 2.3 FEvery fourth power of the G-invariant theta constant is a modular form of weight 4
with respect to G, namely it satisfies

a; ag as
o' |1 | wo o) = (@ o+ ater [ o o= | e

[proof]. According to Proposition 2.1, for any G-invariant theta it holds

ap a2 as

@4[2}(go(u,v))ze(g,a,b)4(a1—|—agv—|—a3u)4®4[Z}(u,v), o €G.

Because (g, a,b)*(a; + azv + azu)* € {1,—1} we may calculate the approximate value of the ratio of
Ch Z (go(u,v))/(a1+azv+azu)*0? [2} (u, v) just to know the signature. As a consequence we obtain

the required equalities.
q.e.d.

groups [G(1 +1i),G] = 2. And the generator gg of G(1 +4)/G induces the involution ¢ : (z,y) — (y,z).
So we obtain the diagram with the Segre embedding map (u,v) — [Xo, X1, X2, X3] € P3:

Note that we have G(1+1) = (g1, ..., 95,96, vV —1) and that we have the index between two projective

Pl x P! - BZ/Gg{X0X3:X1X2}CP3
(z,y) (u,v)
™ ™
LG

P?=(P' x P/, B2/G(1+i) = P?

Diagram 1: Period diagram
Proposition 2.4 1) We have
2) My(G) is generated by O}y, Oyn, Oy, O,

[proof]. Note that B? is the uniformization of the orbifold P! x P! with the arrangement of weighted

divisors:

name divisor weight
Do {(z,y): =0} 4
Doy {(z,y): y=0} 4
Dlz {(.’E,y) T = 1} 4
Dy A{(z,y): y=0} 4
Dor  {(z,y): z =00} 4
Docy  {(z,y) : y =00} 4
Dy  {(zy): z=y} 2

11



So the divisor of du A dv corresponds to

3 3 3 3 1 3 3
Doy — D1y — D1y — =Dy — “Decy — 2D,
Oy 4 lx 4 ly 9 Ty 4 4 Y

via the period map ®. Suppose f(u,v) belongs to My(G). Then the divisor (f(u,v)(du A dv)*/3) should

satisfy
2

(f(u,v)(du A dv)*/?) > —Dg, — Doy — D1y — Dyyy — 3Dry = Doca = Docy:
That is equivalent to give an element of H(P! x P!, &(L Dy, + L Dy, + 2K)). Where K denotes the
canonical divisor. Because we have K = —2D, — 2Dy, we know the isomorphism

My(G) = HY(P* x P',0(Dos + Doy)).

The vector space HO(P! x P!, 0(Dy, + Dy,) is generated by the system {1,z,y,xy}, and it is four
dimensional.
By the same way we have

Mg(G) = HY(P' x P',0(2Dy, + 2Dy,).
So we obtain dimMg(G) = 9.

Observing the definition of Q(u,v) we know that

S {pl P2 p‘”’} (0,0) = [pl} R {m] (v) - ¥ [pﬂ (v).

qg1 42 g3 q1 q2 q3

So our modular forms ©%,,, ©1 @iD, O3, are linearly independent, and they give a basis of My(G).
q.e.d.

Proposition 2.5 The space M4(G) is generated by fourth powers of G-invariant thetas, and all algebraic
relations are induced from

@iN - GiD = @3N - ®§D

©h2 = 2(O4n — O2p)

Ohy — Ohs =2(05p + @;‘}N)

Giz - @jz = @iN - 93N

Oh =2(05, + 932)

@?:D@;N = QiZ(QiN - (@iD)
OlyOl, = 01,0l —Olp).

[proof]. Let us consider the truncation of the Fourier expansions of the fourth powers of our G invariant
Theta constants up to some fixed hight ¢. Set V; be the vector space generated by these polynomials.
There is the canonical surjective homomorphism @ : My(G) — V,. We can easily find that V; is four
dimensional. So @ should be an isomorphism. Then we can obtain the above relations by explicit
calculations of their coefficients. The situation is the same for the quadratic relations.

q.e.d.

Remark 2.2 By observing the last identity in the above Proposition we have a system of generators
N, 052, Oyn —O5p, Oy p of the structure ring C[Xo, X1, Xa, X3]/(XoX3— X1Xs) of B?/G = P' x P!

2.4 CM-isogeny on Jac(C(x,y))

Let us consider an isogeny map of B?:

o(u,v) = ((1 +)u, 2v).
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It is induced from the Q-symplectic transformation:
1 1
Na_<£ tAOl>a A= -1 1
0 0

NyoT=Ar'A, 7€ Hs.

0
0
1

and we have

1 1
A0:<_1 1)7

A={(n1 +n2,n1 —ng) € Z% :ni,ny € Z}
/ / 1oty
O (1) = Z exp[mi(m + %)T’t(m—l— %) + 2mi(m + 5)—], 7€ Hy,d W € Z?
meA
0% (1) = Yap(AT'A), 7€ Hs,a,be Z°

0%, (7)== Yoy (AT "Ao), 7' € Ha,a' b € Z2,

Set

where H, denotes the Siegel upper half space of degree g.
By elementary caluculations we have

Lemma 2.3
A
19?1/7(7/ (7—/) - ﬁa,Ao)b,tAo—l(T/).
According to Matsumoto, Minowa and Nishimura [Mat-Min-Nish] we have

Theorem 2.2 ( A-theta formula)

( Do (7') ) 1 (1 exp[—T5 (a1 + az)] ) ( Var pr (T) )
Doy (™)) 2\1 —exp[-F (a1 +az)] ) \ Vo pr111,13(7)
By virtue of Theirem 2.2 together with Lemma 2.3 we obtain:

Proposition 2.6

A R
“0 s o=y 3 Joredoft 2
“[02 Yim=ofs ¢ oo

S T I

A Y R
“ s =s 8 g2 ¢ 2

2.5 modular interpretation of the extended Gauss AGM
Set

Hi(u0) = Omw0) =00 0 0] @)

Hi (1, 0) = O (u, 0) = 8} (Qu, v)),

9
0 0 O
Z(u,v)z@z(u,v)zﬁ{l 0 O] (Qu,v)).

Now we have

13



Theorem 2.3 (Second Main Theorem = CM-isogeny formula) It holds

Hi((1+4)u,2v)) =
Hy((1+ i), 20)) =

(H1(u,v) + Hy(u,v))

1
2
Z(u,v)

1 H? + H?
Z((1+1i)u,20)) = ;/4 (22 + HiH3) (22 + —2——2 ; 3 )
[proof]. The first and the second equalities are already obtained in Proposition 2.6. So we concentrate
to show the last equality. The theta constants © [8 8 8] (u,v) and © {8 8 8} (u,v) are not G-
ai1 Q2 443
invariant thetas. Setting g; = . . . (i=1,...,5), according to Proposition 2.1 we have

- 12 2
0 0 O 0 0
S/ 1 0 0 (gi(uvv)):(ail +ai2v+a'i3u)2@|:1 0 0:| (gl(uav)) (22173)a
. 12 2
1 1 1 1 11 .
os 1 1| @l =(@tazramre [y | | @) (=13
_ :2 2
00 0 . 11 1 .
Ol o o Wilwv))=(=1) +1(au+ai2v+a¢3w29[0 1 1] (e, 0)) (=245)
_ PN 2
111 : 000 .
© 011 (gi(u,v)) = (=1) +1(ai1+ai2v+ai3u)26|:1 0 0] (gilww)) (£=2,4,5)
4 4 2 2
0 0 O 1 11 0 0 O 1 1 1
Then@[1 0 O] (u,v)—l—@[o 1 1} (u,v)and@[1 0 0] (u,v)@[o 1 1} (u,v) belong to
M4 (G). By observing the truncations we obtain
00 0] 11 1] 1
© |:1 0 O:| (U,U) + © |:0 1 1:| (U,’U) = 5 (@%1(11,71}) - 6%,2(uvv) + 6%3(’“’1}))
2 2
0 0 0 1 1 1 1
oV o o] woely 1 1| @o=g @kt - el

1 1 1
0 1 1
of Op1,Ona,On3,O,n and Oyy. Proposition 2.6 gives the description of O}, ((1 + i)u,2v) — O4,((1 +
i)u, 2v) + 075 ((1+14)u, 2v) and OF (1 +14)u, 2v) — @31\,((1 +4)u, 2v) in terms of Op1(u, v), Ops(u,v) and
Z(u,v). As a consequence we obtain the required relation.

By elliminating © [ } from these two equalities we obtain the description of Z(u,v)* in terms

q.e.d.
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