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The variants of the Kappa function

10/28/2005 Yuzen TANAKA

Abstract: M. KANEKO and M.YOSHIDA introduced the kappa function with the prop-
erty J(k(z)) = A(z) in [KY], where J is the elliptic modular function and A is the Jacobi’s
elliptic A-function. In this paper the author constructs the variants of x(z) using other pairs of
simple modular functions instead of (J(z), A\(z)), and gives explicit Fourier expansions for them.

1. Variants of the )\ function
We rewrite some well-known factor about the modular function.

Put )
a
r:{(c d)eSL(Q,Z)(ad—bc:il},
a b a=d=1
r(z):{<c d)eSL(Z,Z)‘ L Z 02, (mod2)p,
Fm:{(z Z)ESL(ZZ) ab = cd =0 (mod 2)
Setting
(0 -1 (1 (12 (10
Vi = 1 0 y Yp2 = —-1 0 y Yoo = 0 1 y Yo = 2 1 )

we have
['= <fyi7fyp2>7 F<2) = </700770>7 FLQ = </717'70> .

o= (78 (s )
Because of

(e 37) (e 23) (e 27)=(0% 3°)

we have

And we define

T*(2) = (Yiti Vyai)
with
= (e g ) wia=(oe )

Any of these groups acts on the upper half complex plane H.



(1) The modular function A
Let us make a biholomorphic map from the fundamental domain F'(2) = {z eH;0<Rez<1,|z—
of '(2), that is indicated as a shaded part in Figure 1.1, onto the lower half complex plane
H~. We assume the boundary points 0, 1 and oo of H™ correspond to 0, ioo and 1, re-
spectively. By the Schwarz reflection principle we obtain a modular function A\*(z) defined
on the whole H.
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FIGURE 1.1

Here M is the function X in [KY] and we have

¥ = L <eo<z> = S () = ZW) ,

neZl nez

where ¢ = ™.

(2) The fundamental domain of \’:

Let us make a biholomorphic map from the fundamental domain F'(2) = {z eH;0<Rez <1, |z —
of '(2), that is indicated as a shaded part in Figure 1.2, onto the lower half complex plane
H. We assume the boundary points 0, 1 and oo of H correspond to 1, ico and 0, respec-

tively. By the Schwarz reflection principle we obtain a modular function \’(z) defined on
the whole HL.
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FIGURE 1.2

Here we have

)\b(z) = Zzgj;‘“ <92(Z) = ZQW,Q:;(Z) = an2> ’

nez nez

Tz

where g =€

(3) The fundamental domain of /\{2:

Let us make a biholomorphic map from the fundamental domain Ff,z ={ze€H;-1<Rez<0,|z] >
of I'; o, that is indicated as a shaded part in Figure 1.3, onto the lower half complex plane
H. We assume the boundary points 0, 1 and oo of H correspond to ¢, toc and —1, respec-
tively. By the Schwarz reflection principle we obtain a modular function )\gg(z) defined
on the whole H.
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FIGURE 1.3

(4) The fundamental domain of A} ,:
Let us make a biholomorphic map from the fundamental domain F! f2 ={z € H;0 < Rez < 1,|z] > 1}
of I'; 2, that is indicated as a shaded part in Figure 1.4, onto the lower half complex plane
H. We assume the boundary points 0, 1 and oo of H correspond to 700, ¢ and 1, respec-
tively. By the Schwarz reflection principle we obtain a modular function )\372(2) defined
on the whole H.
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(5) The fundamental domain of J:

Let us make a biholomorphic map from the fundamental domain F' = {z € Hi; —% < Rez <0,|z] > 1:
of I', that is indicated as a shaded part in Figure 1.5, onto the lower half complex plane H.
We assume the boundary points 0, 1 and oo of H correspond to ps, ¢ and ioco, respectively.

By the Schwarz reflection principle we obtain a modular function J defined on the whole
H.
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FIGURE 1.5

(6) The fundamental domain of Af:

Let us make a biholomorphic map from the fundamental domain F*(2) = {z € H;0 < Rez < 1, |z| >
of I'*(2), that is indicated as a shaded part in Figure 1.6, onto the lower half complex
plane H. We assume the boundary points 0, 1 and co of H correspond to /24, 1 4 i and

0o, respectively. By the Schwarz reflection principle we obtain a modular function A(2)*
defined on the whole H.
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Proposition
We have the relations among the above modular functions as follows:
4 (1—1+10%)3
J=P\)=PN here P(I) = —~ "~/
( ) ( )7 where ( ) 27 12(1 o l)2 ?

)&2 = Pﬁ()\ﬁ) = Pﬂ()\b)’ where Pﬁ(l) — (1 _ 2[)2,
)‘Ii,2 = Pb(Aﬁ) = Pb(kb), where Pb(l) =41(1 1),

_ 212
Ny = P*(OV) = P*(\),  where P*(I) — —1—16%

and

M=1-N,

A, =1-A,,
1 (3+1)3 1 (4-10°
J = Piy(N) = Pa(N ), where Piy(l) = o T o Ply= o




We have some values of the above modular functions as following:

z e H N (z) N(2) A2 (2) N 2(2) J(2) A)(2)
100 1 0 1 0 00 00
125
V2 | —2-2v2 3-2V2 57 —40V2 —8(7—5V?2) 5 0
1 1 4
i - - 0 1 TR
2 2 32
0 0 1 1 0 00 00
1+ 49
—1 2 — | R —
2 ! 8 32
2 +/2i 125
+3fz —2-2V2 342V2 57+40vV2 —8(7+ 5V2) > 0
1 00 00 00 00 00 00
14 2 —1 9 -8 1 1
L+V3i| 1—v3i 1+3i 5 A 0 25
2 2 2 16

2. Variants of the « function
2.1 k function
In this subsection we recall the x function studied in [KY]. Because of J(z) = P(\(2))
we have the following diagram:

PILHJ\F
d
by

P! <2~ H .~ L(2)

Let us make a biholomorphic map from the fundamental domain F'(2) of T'(2) to that
of T that sends 0 (1, ic0) to p; = €3 (ioco, i), respectively. By the Schwarz reflection
principle we obtain a mapping defined on the whole H. We denote it by .

]P’1<J—HnF

#

K

v

P! <— H ~ T'(2)



We note that x* induces a 1:1 correspondence between two shaded parts in Figure 2.1.
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FIGURE 2.1

Now we use the symbol < - > to denote the smallest normal subgroup containing - of
a given group. Then the isomorphism T'(2)/ < 7502, 7% > T is given by the following
correspondence:
F2)/ <77 > — T
Yoo L r}/pz
70 = 7

Thus the function ! satisfies

1 z 1
! 2) = — d & =1- :
Ret2)=—5ry and v (2z+1> ()

2.2. Construction of new « functions
By the same method, we obtain new x functions using variants of A functions. Starting
from the correspondence of the fundamental domains of both modular groups, we obtain
our variants of x function by the Schwarz reflection principle.

(1) The function Ky : H A IT'(2) — H ~ I['(2).
That is defined by the equation A (z) = X (F(2)(2)).

Ph—anF@)

7o

P“—anF@)

The automorphism Ky € Aut(I'(2)) is given by the following correspondence:

re) — Ir(?2)
Yoo —— 70
Yo 7 Y



Thus the function r(9) satisfies

_ R(2)(2) _ z _
2 — - < 5, <~ . d - - 2-
Fe) (2+2) —2R(9)(2) +1 and re) (2z + 1) Fo ()

(2) The function x” : H A T'(2) — HAT.
That is defined by the equation \’(z) = J(K’(2)).

]P’liHmF
E
)\b

P! <2~ H .~ (2)

The isomorphism T'(2)/ < 73,70 > T is given by the following correspondence:

I'2)/ <y’ 70> — T

Vo — Y2
Yo — Vi
Thus the function x” satisfies
b b z 1
2) = — d =1-
K (z+2) K (2) e m (22+1) K (2)

(3) The function k19 : H AIT(2) — H A 5.
That is defined by the equation \’(z) = /\gg(nl,g(z)).

A\
P2 H AT,

( R1,2
/\b
P! <" H A~ T'(2)

The isomorphism I'(2)/ < 7,2 > T'; 5 is given by the following correspondence:

['(2)) <70 > — I
Yoo — Y

0 A (1]

Thus the function k; o satisfies

I{LQ (2+2) = —

and fil’g( - ) f1.2(2)

K12(2) 2z + 1



(4) The function k1o : H o — H A .
That is defined by the equation A 12(2) = M o(Fi2(2)).

b
12HﬂF12

12HﬂF12

The isomorphism (Vo) / (Veo?) = () is given by the following correspondence:

<7w>/<7002> - <%>

Voo — Vi

Thus the function k; o satisfies

~ 1
Fa(z+2)=  Fia(z)

(5) The function K10 :H AT — H AT
That is defined by the equation A} ,(2) = J(k12(2)).

]P’l%HmF

12H~/\F12

The isomorphism Ty 5/ < 7 > T is given by the following correspondence:

o/ <y®> — T

Yoo = Y2
Vi — Y
Thus the function £ o satisfies
1 1 1
; 2)=-1——— and Fo--)=—
Fra(et2) Fi12(2) e e ( Z) F1,2(2)

(6) The function £y : H- N I'(2) — H .~ I7(2).
That is defined by the equation \’(z) = Aoy (K (2)).



*

A
P! 2 H A~ T*(2)

*

b (“(2)
1 A
P! < H ~ I'(2)

The isomorphism T'(2)/ < 72,70 > I'*(2) is given by the following correspon-

dence:
I['2)/ <7 m' > — I'(2)

Voo — 7\/51
o M

Thus the function /f’(kz) satisfies

z 2
Kl (24 2) = — and Ky |—— | =————.
o ) Ky (2) @) (22 + 1) Ky (2) — 2

By the section 2.1 and (1), (2), - - -, (6) we have the figure of the relations between the

modular functions as following:
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3. Fourier expansion

Let g, = e and

o (n) => (~1)kd".
dn

Each x function, except x(2), in the section 2 has the Fourier series expansion at z = ico
and k(o) is a linear transformation as following:

Thorem 1

(0) The function k* ([KY]):

K (2) = i(1+ a1qo + asqe” + azge® + -+ ),
where
2

32
”_4 = —1.0552729262852 - - - x i,

" TAT )



and the coefficients a,, satisfies the reccurent relation

- bj Z(?’L +1 _j - m)a’man+l—j—m7 (n Z 3)7

and the series b,, are

~

1, n=>0
0, for n:odd,
b, =
n 64
(—1)5305 (g) , for n =2 mod 4,
n 64 80
\ (—1)5303_ <g> + 303_ <g> , forn =0 mod 4,
1.€.
1
Ay = §a12,
1, 16
as 4a1 27611,
1, 16 ,
Qy 3 1 27(11 )
Lo 45, 98
as = —a;° — —a a
Tt 9 T1215 ¢
1 8 934
g — —a16 — —a14 + 2

32 27 364571
1 . 5 . 787 ., 1504

=50 T 7™ T o30™ T sl ™
Lo oo, 41, 9088

ag = ——=a; — =a —a; — a

87128 o™ T syt T 32805 1

(1) The function K):



(2) The function K’:

/fb(z) = pa(1 + a1qz + asqs® + azqs® + - - ),

where ) )
32T (2)°1 (2
ay = —i?LQ(S) — _0.8454860396348 - - - % i,
3 T

and the coefficients a,, satisfies the reccurent relation

1 s}
ay = —1e?a12 and
32
2n(n —1)(n+ 1)a1an41
n—1
= —a,°b, + Z <(m +1)(n —m +1)(3n + 3mn — 5m? — 4m)ami10n_mi1
m=1

b G+ D =+ Dagraan i), (n>2),
j=0

J

and the series b, are

1, forn =0,
0, form=1,2,4,5 mod 6,
b, =
36(—1)"o5 (g) : for n =3 mod 6,
36(—1)"oy <E> — 2005 (E> , forn =0 mod 6,
0 3 6
i.e.
1 S
s = —=e6a;”,
2 75 1
I
as = 36 a,
1 3
ay €e2ay — —ay,

CL5:§€3(11 —7666L1,
1 5 6 3 mi
_ - 7rz6 _ _ o3
6 9\/36 aq 46 ap -,
Vomi 7 Lom 79
- 2 -
ar 276 ai 36 ap + 42()@1,
1 s 5 T 1577 s’
ag = —676 a® — e a,” + e?a12,

273 12 16803



(3) The function Kki9:
H1,2(Z) = i(l + a1q2 + a2q22 + a3q23 + .. .)7

where

327
N _1.8277863241779 -,
(1)

and the coefficients a,, satisfies the reccurent relation

a] — —

CL12

a9 = 7 and
2n(n —1)(n + 1)a1an41
n—1

= —a%h, + Z <(m + 1) (n —m+1)(3n + 3mn — 5m?* — 4m)api1Gnmi1
m=1
b 3G+ Dm =+ Dagaam i), (0> 2),
=0

J

and the series b,, are
1, forn =0,
b, =2 0, forn =1,2,3 mod 4,
1604 (g) , form =0 mod 4,

1.€.
a12
==
Cl13
=
CL14
“s
a15 i 2
as = — + —a
T 16 15"
6
aq 2 9
6= 39 T 150"
7 3
_al o
“ =% T
a18 a14



(4) The function Ky :
F12(2) = i(1 4+ a1q2 + aeqe® + azq”® + - -+,

where
6472

r(;)’

and the coefficients a,, satisfies the reccurent relation

= —3.6555726483557 - - -,

a, = —

a
ay = — and

2n(n — 1)(n+ 1)aja,q
n—1
= ((m +1)(n —m 4+ 1)(3n + 3mn — 5m? — 4m) @i 16n—mi1
1

m=

+ (48p—m — Aty + Up_m) (Z(l +1)*(m — 1+ 1)(3m — 51 + 1)al+1am_l+1>
1=0

_ (%(Sz — 8t + 8uz)sn_m_l> (i(l +1)(m -1+ l)al+1am_l+1> ), (n >2),

1=0 =0

and the series s,, t, and u, are

, forn =0,
s, =2 0, forn : odd,
16(—1)205 <g> , forn : even,
\ 1, forn =0,
t, =14 0, form=1,2,3 mod 4,
1605 (%) , forn =0 mod 4,
\ 1, forn =0,
u, =< 0, forn : odd,

1605 (g) , formn : even,



1.€.

ay
2=
3
a
ag—%—mal,
4
a
a4:%—12a12,
a 1582
a5:1—16—9a13+ B ai,
6
=——6
ag 32 aq + 15 ay,
a’ 15 5+1871 5 153128
Q7 = —— — —G a” — a
T4 4" 10 ! 105 1V
a® 9 4 2411 , 286016 .
ag = —— — (11+ a) — ai,

15 105

(5) The function Fy:

F12(2) = pa(1 + a1gs + azqs® + asgs® + -+ ),

where ) )
32T ()T (2
ap = —Z?Lz(g) = —0.8454860396348 - - - x ’L.,
3 T

and the coefficients a,, satisfies the reccurent relation

1 T
ay = —16Fa12 and
32
2n(n — 1)(n+ Daja, 1
n—1
= —a%b, + Z <(m + 1) (n—m+1)3n + 3mn — 5m?* — 4m) i 1Gnmi1
m=1

b 3G 1) =+ Dagpan i), (0> 2),
=0

J

and the series b,, are
L, forn =0,
b, =2 0, forn=1,2 mod 3,
16(—1)"o5 <ﬁ> , form =0 mod 3,



1.€.

1w oy
a2:766a1,

3

1 om 4
a3:§e3a1,

1w o, 1
ay eza — —-ap,

T 33 3

1 omi o 2 &,
as = —€e3 a;" ———=€e6ay,

9 3V3

ag = 9—\1/5657ri6a16 — %eﬂ;aﬁ
1 4w, 32

a7:ﬁe ar’ — 9\/§eza1 —Eal,

ag = Le%af — 3e%@l5 B e a’
27v/3 27 3153 ’

(6) The function Ky
“?2)(2) =i(l 4+ aiq + a2q22 + a3q23 4+,

where ) )
L(H)°r(:
\/§ (8) > (8) i
s
and the coefficients a,, satisfies the reccurent relation

a; = — = —0.350109339053 - - - x 1,

CL12

ag = - and
2n(n — 1)(n+ 1)ayans

n—1
= —a%b, + Z <(m +1)(n —m +1)(3n + 3mn — 5m? — 4m)ami10n_mi1
m=1
b (G + D =+ Dajaansn), (0 2),
=0

and the series b,, are

1, forn =0,
0, forn=1,3 (mod 4),
by, = <
1205 <g) ) forn =2 (mod 4),
1205 (g) + 4oy (%) , form=0 (mod 4),
\



1.€.

a2
as
Q4
as
ag
ar

ag

Before proving Theorem 1,

ai

2 b
a13 4
3%
' 4

8 3 1

5
a5 1

16 17+ 10611,

6

30 3™ T ™
a” 5 5+259 , 82
— = —a —a1’ — ——a
64 12 "1200" 105 “
a®  a® 113, 236
ot e — —ar”,
128 4 ' 60 105

we show several lemmmas. We use ' as

, nd d
Comidz qndqn'
Lemma 1.
Let .
f(z) = pZaan”, (ap =1, peC).
n=0
If f(z) satisfies the functional equation
2
P
f(2)
then the recurrent relation among the coefficients ay, as, -+ +, a, (n : even, n > 2) is
%71 n_1q
_ —1)2
a, = (=)™ Y apan—m + ( g a%Q
m=1

In particular

Proof. Since q3 — —qo as z — z + 2, we have

F+2) = p 3 (1) 0"
n=0



Thus
pPP= f()f(z+2)
(pzan(h ) (pZ(—l)nan(bn)
n=0
- /)2 ( 1)maman—m> Q2n~

n

Then we have
(=)™ amap—m =0

m=0
for n > 1.
In the case n is odd, the left-hand side of this equation is always equal to 0. In the

case n is even (n > 2), we have

m=0 5y
= 2a0an—|—Z( D)™ aman—m + ( 1)%a%2—|— Z (=) aman—m
m=1 m=g5—1
n_q
_ m z 2
= 2a,+2 Z(—l) UG + (—1)2axn
m=1
O

So we obtain Lemma 1.

Lemma 2.
Let -
271
F(2)=p2) an", (ag=1, pp=e7).
n=0

If f(z) satisfies the functional equation
1

f(z)
then the recurrent relation among the coefficients a1, as, a, (n=0,2(mod3),n>2)

n—1

18
P2 m
aAp = — A Ap—ms
L+ pg + ppntt mz:lm




Z-. €. p
n
i 2 1

Z O Comy Gy —rmy, agz ., forn=0 (mod 6),

m=1
51

L Z EmlmCn—m + an , forn =2 (mod 6),

\/_

Tmi
6

Q)

&

ay = .
Imi 5
\/_ Z O —m forn =3 (mod 6),
Z Emn Cn Op—mm s forn =5 (mod 6),
\
where ( )
2, form =0 (mod3
_ k -k _ ) ;
Om = p2" + P2 _{ -1 form =1,2 (mod3),
B 2p2, form =0,2 (mod3),
= pa" + pr? { —py form =1 (mod3).

In particular ,
6% CL12
V32

Proof. Since q3 — paqs as z — z + 2, we have

a9 =

f(z42) = PZPznan%n-

n=0

By transforming the equation f(z+2) = —1—1/f(z) to f(2) (1 + f(z+2)) = —1, we
have

-1 = f&) A+ f(z+2))

= (Pz Z anQ?,n) (1 + p2 Z P2nan(]3n>

n=0

= P2 ZanQS + P2 Z (Z aman—m) a"
= ptp’ Z <P2an + P2 Z 2" Qi — m> as".

= m=0
Then we have
pattn + P2 Y "ttty = 0,
m=0

1.e.

1+ P2 + p2 = —pP2 p2 AmQp—m
( Z



for n > 1. By transformaing this equation, we obtain the remaining part of Lemma 2. [J

Lemma 3.
Let ¢ = e™/* (k€ Z%), p € C and

f(2)=p> ang" (ag=1).

Suppose
e, .,
{fiz} =7 n§:0 bug" (bo = 1),

where { f; z} is Schwarzian derivative. Then the recurrent relation among the coefficients
a1, Ao, **+, Gpi1 1S

2n(n —1)(n + 1)a1an41

n—1

= —a’b, + Z ((m +1)(n —m + 1)(3n + 3mn — 5m? — 4m) @y i1Gn—mi1

m=1

—~bp—m Z(l +1)(m—1+ 1)al+1am_l+1>.
1=0

Proof. By the definition of Schwarzian derivative we have

2d];(;) dii;(sz) . (di{;j))z

)

dz

2f(2) f(2)" =3 (f(2)")’
(f(2))

= — Z bnq".
n=0

—4{f; 2} =

Hence we have
2f(2) f(2)" = 3(f(2)")" = (— > bnq”> (f(2))" (3.1)

Since

F(2) =pg ) (n+D)anpq",
n=0

F(2) = pg )Y (n+1)ansq",
n=0

F2)" =pg Y (n+1)an1q",

n=0



we have the Fourier expansions of both sides of (3.1) as followings:

(Left-hand side of (3.1)) = 2f(2)'f(2)" —3(f(2)")’

= 2 (pq > (n+ 1)an+1qn) (/)q > (n+ 1)3an+1q“>
n=0 n=0 9
-3 (pq D (n+ 1)2an+1q”>

n=0

= —p* Z (Z m+1)*(n —m + 1)(3n — 5m + 1)am+1an—m+1) q"
and

(Right-hand side of (3.1)) = (— > bnq”> (f(2))?
= — (i bnq"> (,oq f:(n + 1)an+1qn)

n=0

= —p* Z (Z (bnm Z(l +1)(m—1+ 1)al+1aml+1)> q".

m=0

By comparing the coefficients of ¢" of the above two Fourier expansions we have the

equation
n

Z(m +1D2(n —m + 1)ami1Gnmsr
m=0

- Z ( e mz (141 -+ 1)al+1aml+1) .

m=0
This equation consists of ay, as, ---, a, and a,,1. By rewriting the equation we obtain
Lemmma 3. [
Lemma 4.

Let g =™/ (k€ Z%), p € C and

Suppose



where { f; z} is Schwarzian derivative. Then the recurrent relation among the coefficients
ai, Ao, *++, Gpi1 1S

2n(n —1)(n + 1)a1an41
(

n—1
= Z ( m+1)(n —m+ 1)(3n + 3mn — 5m* — 4m) @ 10n-—mi1
+ Z( Oy — m l+ 1 ( —1 + 1)al+lam—l+1

+Bnem(l +1)*(m — 1+ 1)(3m — 5l + 1))al+1am_l+1).

Proof. By the definition of Schwarzian derivative we have
2 Z ang"
2/(2) f(2)" =3(f(2)")" o

_4{f§ Z} = (f(Z)’)Q iﬁnqn

Hence we have

(2 ﬁmz") (27 F)" = 3(7(2)")?) = <— S anqn) (). (3.1)

Since

F(2) =pg Y _(n+ anaq",
n=0
2)' = pg Y (n+1)an4q",

F(2)" =pg Y (n+1)anq",

n=0



we have the Fourier expansions of both sides of (3.1) as followings:
(Left-hand side of (3.1)) = (f: ﬁnq”) <2f(z)'f(z)'” -3 (f(z)'/)2>
n=0
= ¢ (i %q")
n=0
X (i (Zn:(m +1)*(n —m+1)(3n — 5m + 1)am+1an_m+1> q")

n=0 \m=0
= —p* Z Z Br—m (Z(l +1)*(m—1+1)(3m — 51 + 1)al+1aml+1> q"
n=0 m=0 =0

and

(Right-hand side of (3.1)) = <— Z Oénq"> (f(2)")?
= —p’¢ Z (Z (an_m Z(l +1)(m—1+ 1)al+lam—l+1>) q".

=0

By comparing the coefficients of ¢" of the above two Fourier expansions we have the
equation

Z Br—m (Z(l +1)*(m — 1+ 1)(3m — 51 + 1)al+1aml+1>

=0

= Z (&nm Z(l +1)(m—1+ 1)al+1aml+1> )
m=0 =0

This equation consists of ay, as, -+, a, and a,,1. By rewriting the equation we obtain
Lemmma 3. O

Now we recall the Eisenstein series
By(z) = 1-24) oy(n)e’™",
n=1
Eiz) = 1+ 240 Z o3(n)e? ™

Es(z) = 1-504) o5(n)e™™.

n=1

Lemma 5.



We obtain following limit values:

1 #
lim 1dX¥(z) _ —32,
zico @y dgo

b

lim L) 5o
z=ico gy dgo

1 d cW(z))
lim —— = 64,
z—ioo (o dq (qz dgo

1 dX\f
i P20 o

1dN (1) 2, .
e e )

1 d)\?,2<7'> 2

_ 2 E (i
L 37 i 4(1),
. LdJ(r . .
i T = i)
1 dA 23
lim — o ) - m2ia105(v/2i)3,

z—ico gy dT (\/_—1)2
d2>‘*2)(7') 22

lim ( = 7205(V/2i)®,

2—100 dT2

Proof. Since

(V2-1)

for T = K12(2),

for T =Ki2(2),

for 7 =i(1 + a1qa + asqe® + azq® + -

fort =k

(

*2)(2)7

for T = Ky (2).

d\F d
() _ (1 — 16¢y” + 128¢y" — T04¢,° + -
dgo qu
d dA
— (q2 (2 )) = —64qy + 2048¢,> — 25344q,° +
dqs dgo
and M\ (z) = 1 — X’(2), we obtain
f
lim L dN(z)
Z2—100 (9 qu

Let 7 = K12(%). Since J(7) =

2 Eﬁ(T)

dJ(r) _

2—100 q2

Pf,(A 5(7)), we have

(Ala(r) = 9N (7) + 3)°

b
= —-32 and lim id)\( ?)

dgo

= 32.

B J(1) =

1
27

(Aa(7) =

And we have A 2(k12(2)) = N(z) and X (ico) = 0. So we obtain
(

1 X,

2—i00 (o dr

7)

= lim —

2Z—100 QQ

(e

Eg(r12(2)) (N(2) +3)(N'(2) —

1)2

) = —32¢0 + 512¢5° — 4224q5° + - - -

4

(K12(2))

= —37 iy By(i).

/\b<Z) _

9

1))

.)7



Using same method we obtain

1dXN (1) 2
lim “ ;27( ) = §772ia1E4(i),
Z—100 2

for 7 =K12(2).
Let 7 = i(1 + ai1qs + asqe® + azq2® + - - ). Since

2
dJ(r) _ —27riE6(T)J(T) _ oni Ey(1)°Eg(T)
dr Ey(T1) Ey(7)3 — Eg(7)?
and 5
lim o(7) = ma1 F,(i)?,
Z—100 q2
we obtain
. 1ldJ(7) .. Eg(r) 1 2. :
lm ——= = 27 lim —————J(7) = —27w%la1 F4(7).
2—100 q2 dT 2—100 q2 E4(7') ( ) ! 4( )

Let 7= K{y(2), N(z) =1— 6)\?2)(2) + /\*22)(7:)2 and D(z) = 16X°(2) (1 — A(2)). Then
we can write
Nale) = P (0(z) = - TEL

Since \(z) = 205(2)3(1 — \°(2)) and X’ (v/2i) = 3 — 21/2, we have

b .
im 20 g %Ab(f)’ = 2(V2 — 1)mifs(v/20).
Z—100 T Z—100
Hence
N b
lim & d<T> — lim (—6+2X°(7)) dAd(T) = —25(v/2 — D)mifa(V2i)*,
2—100 T 2—100 T
dN(T) i, dN (1)
X altT) m
lim —N(7) = lim —E— = lim 24T = 91(v/2 — 1)ma,0(V2i)".
© 3(]2 3(]2

So we obtain following two limit values with noting that N (v/2i) = 0:

1 AN (7) 1 d |
—— 27— Jim —— | N(7)?——
ZHI;;I;O ¢ dt z—l}llgo qo dT ( T> D(T))
. 1 dN(1) 1 1 , 1 dD(7)
= 1 ——2N —+ —N
2—1>Iz%o< 02 ) dr D(T) +q2 ) D(t)? dr

= 25(V2 — 1) ?n%ia,05(V/2i)°



and

_ d2>\>(k2)(7) _ d*N(t) 1 dN(t) 1 dD(7)
zEer;oT - zlirzr;o (N(T) (_ dr? D(T)+2 dr D(7)? dr
d 1 dD(r) 1 [(dN(1)\’
NG (pepar ) 2o (e ))
= 22(vV2 = 1)721%0,(V2i).
Lemma 6.

We obtain following limit values:

1 dx\°
ACC
Z—100 Q3 dbqg
1 d)N (2
0 L 12(2) 192,
z—ioco 3% dqs
. 1 dJ(T 8 ..
lim 052 d(r ! - _§7TSZP326L12E6(P2)7 for 7= pa(1+ a1q3 + a2qs® + asqs® + - - -).
Z—100 3

Proof. Since
N (2) = 16¢5> — 128¢3° + 704¢5° — - - -,

we obtain b
1 dX\
i L) g
Since
N o(2) = PP(N(2)) = 64g5® — 153645° + 19200g5™ + - - -,
we obtain b
1 z
n —; 22 _ gy
Z—100 q:)) dq3
Let 7 = po(1 + aiqs + 6126132 + a3Q33 + e
Since 07 - . -
(1) — o 6(7')J(7_) _ o 1(7)? Eg(7)
dr Ey(7) E4(1)3 — Eg(1)?
and 5 ,
lim 4(7) = —mipza1 Es(p2),
z—ic0 (3 3
we obtain
1 dJ(7) . (Ei()\? Eg(7) 8 4 5 4
lim 5= = —2mi 1 =-c Eo(pa).
smioo q3? dr i < UE] Ey(1)? — Eg(1)? 97T ips-ar"Eg(p2)



Proof of Theorem 1.
(0) Since

Kz +2) = C KNz 4 4) = KH(2),

()
and k*(ic0) = i, we can identify x*(z) with the Fourier expansion

i(1+ aiqa + asqa® + azge® + -+ +).

Let 2 = M\*(2). Since the proparties of Schwarzian derivative, we have

—H{¥) e} = % T —11‘)2 + x(11_a:)’
gy -6 16 1) - 6)
AR x? * (1 —x)? - (1l —x)

and

—A{wh 2y = —4{Niz} -4 ) (%>2
= (= ({0 ha}) + (—4{Tha})) (I)
1 4+5c [(do\?
T T3622(1— )2 (d_) '

Multiplying both sides by (%)2, we have

268(2) K4 (2)" — 3(K*(2)") 1 4+ 5AH(2) (V4 ),)2
(r#(2)")? T BN X))
_ _é (500(2)105(2)" + 405(2)%) .

(Note that A (z)" = 2605(2)(1 — M¥(2)) for g5.)
Put

(500(2)*05(2)" + 465(2)*) =) bugo™

O =

By the fomulas

Oo(2)405(2) = 1416 o5 (n)g™,
n=1

03(2)® = 1+16 Z o5 (n)g™",
n=1



we have

1, n=>0
0, for n:odd,
bn =

n 64

13 e (2 , for n = 2 mod 4,

9 % \2
2064 _/n 80 _ /n
\ (—1)2 578 <§) + 503 <Z> , for n =0 mod 4,

By Lemma 1 and 3, we obtain the recurrent relation of {a,} in Theorem 1 (0).
Now we calculate a;. Differentiating the identity J(x*(2)) = M\(z) and multiplying
both sides by %, we have

where 7 = k*(z). Multiplying both sides by 1/¢,? and using Lemma 5, we have
iap X (—2m%ia1 Ey(i)) = —32
as z — 100, and since we have
30 (1)°
26,6 '
we obtain (0) in Theorem 1. This result is obtained by KANEKO and YOSHIDA [KY].

Ey(i) =

(1) K(2) is bijection and the automorphism on H .~ I'(2). So it is linear transformation.
Since K2y maps 0, 1 and i00 to 700, 1 and 0, respectively, we obtain

(2) Since

K (2 42)=—1 . K (2 +6) =K (2),

- ®(z)
and #’(i00) = py, we can identify x”(z) with the Fourier expansion
pa(1+ args + azqs® + asgs® + - -).

Let 2 = A°(z). Since the proparties of Schwarzian derivative, we have

—4{(N)har = S+ +

)
gy = S O o



and

—4{r"; 2} = —4{N;2}—4{J ) (j—f)Q
- () + (aa) (&)
1 4+5c [(dr\’
T 362(1—a) (%> '

Multiplying both sides by (%)2, we have

267 (2)' K" (2)" = 3(K'(2)") 1 44 5\°(2) N2
(TP = “wwEr - vEr ¢
_ _%1 (965(2)° — 5600(2)"05(2)") .

(Note that \’(2) = 365(2)(1 — X(2)) for ¢s.)
Put

(905(2)% = 560(2)*05(2)*) =D bngs".

1 =

By the fomulas

Oo(2)'05(2)* = 1416 o5 (n)gs™",
n=1

03(2)® = 1+16 Z o5 (n)gs™,
n=1

we have )

1, for n =0,

0, forn=1,2,4,5 mod 6,

b, =
36(—1)”03_(%), for n = 3 mod 6,
_n _n
36(—1)"o, <§) — 200, (E)’ for n = 0 mod 6,
\

By Lemma 2 and 3, we obtain the recurrent relation of {a,} in Theorem 1 (2).
Now we calculate a;. Differentiating the identity J(x"(2)) = A’(2) and multiplying
both sides by %, we have

where 7 = #”(z). Multiplying both sides by 1/¢3* and using Lemma 6, we have

8 4.
pPoay X (—§7r32p32a12E6(p2)) =48



as z — 100, and since we have

Es(p2)

we obtain (2) in Theorem 1.

(3) Since

25

liLQ(Z + 2) = —m

and k; 2(i00) =i, we can identify s;2(z) with the Fourier expansion

Y

71.3

CETHTE)

I%LQ(Z + 4) = I€172<Z),

i(14 a1q2 + a2g2” + asq’ + -+ ).

Let o = M\°(z). Since the proparties of Schwarzian derivative, we have

—HO e} = %*(1-2)2*@11—3:)’
-3, 1 1-(3)

(N2} =

and

Sz} = a0 - a0k e (B
= (- a0 + (a0 ) (&)

1 1
42%(1— )

Multiplying both sides by (3)2, we have

g

2k19(2) k12(2)" — 3(K12(2)")

(K12(2)")?

(

dx

dz

(Note that \°(z)" = 26,(2)(1 — X’(2)) for go.)

Put

By the fomula

)2_




we have
1, for n =0,
b =2 0, for n =1,2,3 mod 4,

1605 (g) , for n =0 mod 4,

By Lemma 1 and 3, we obtain the recurrent relation of {a,} in Theorem 1 (3).
Now we calculate a;. Differentiating the identity /\ﬁvg(/@l,g(z)) = N’(z) and multiplying
both sides by %, we have
/d)‘§72(7-)

K12(2) 07 = N(2)

where 7 = k1 2(z). Multiplying both sides by 1/¢,? and using Lemma 5, we have

2
1a1 X (—§7r2ia1E4(i)) =32

as z — 100, and since we have

30 (H)°
E4(Z) = 26(7;-16) ’
we obtain (3) in Theorem 1.
(4) Since
%172(2 + 2) = —m s %1,2(2’ + 4) = %172(2),

and Kj 2(i00) = i, we can identify % 2(z) with the Fourier expansion
i(14 a1q2 + a2g2” + azq’ + -+ ).

Let x = A%Q(z) = P*(N°(2)). Since the proparties of Schwarzian derivative, we have

Sl tar = o o
(M) e} = g 11__(32 + i(] %

and

Rz} = 4Nzt - H(N ) ) (@)2
- <_ (_4{(>‘§,2)_1;$}> + (_4{0\?72)_1;33})) (E>

1 1-2z [dr)?
4221 —-2)2 \dz)



Multiplying both sides by (%)2, we have

2R12(2) K12(2)" — 3(R12(2)")
(K1,2(2)")?

! 1 : Y
AN ()21 - A L(2) W( >>
1 1-2(2N(z) — 1)? Do) — 1IN ()
1ovE) 12 (1= v~y CEE T DXE)
_93(2)8(890(,2)8 — 80p(2)103(2)* + 03(2)®)

(Bo(2)" — 264(2)")° |

(Note that A\ (z)" = 26,(2)(1 — X’(2)) for go.)
Put

03(2)%(860(2)® — 80p(2)*05(2)* + 052 Z anga",

(fo(2)* — 2605(2 Zﬁn(& -

By the fomula

Oo(2)"05(2) = 1416 o5 (n)g™,
n=1

03(2)8 = 1+16 Z o5 (n)g™,
we have .
oy, = Z Sn—m(Sm — 8tm — 8up),
m=0
B, = 4s,, — 4t, + u,,
where s,, t, and u,, satisfy

o0

‘93(2)8 = ZSnQQn7
n=0

00(2)'05(2)" = D tag",
n=0

Oo(2)° = Zuan”,
n=0



i.e.

1, for n =0,
s, =2 0, for n : odd,
16(—1)%03_ (g) , for n : even,
( 1, for n =0,
t, =< 0, for n =1,2,3 mod 4,
1605 (%) , for n =0 mod 4,
\ 1, for n =0,
u, =< 0, for n : odd,

1605 (g) , for n : even,

By Lemma 1 and 4, we obtain the recurrent relation of {a,} in Theorem 1 (4).
Now we calculate a;. Differentiating the identity A} ,(%12(2)) = )\tb(z) and multiply-
ing both sides by (%), we have
/d)‘gz (7_)
dr

HLQ(Z)

= )‘%,2(2)/

where 7 = K1 »(z). Multiplying both sides by 1/¢,? and using Lemma 5, we have
. 2 5. .
tay X o ia1Ey(1) = —256

as z — 100, and since we have

o3r(y)°
E4(Z) = 26(7:-16) )
we obtain (4) in Theorem 1.
(5) Since
1
/%172(2 + 2) =—-1- ,‘2;1’ (2) s /2?172(2 + 6) = /%1’2(2’),

2
and R 2(i00) = pe, we can identify & (z) with the Fourier expansion
p2(1+ aigs + asqs® + azgs® + -+ -).

Let z = A} ,(z) = P’(X°(2)). Since the proparties of Schwarzian derivative, we have

—HN ) el = S+

—4{J L} = 1_(;’) +




and

dz\?
—M{Rig;2} = —4{)\?,253}_4{1]_1?95} (E)

= (- (AW + () ()

11 dr\?
 922(1—2) \dz )

Multiplying both sides by (%)2, we have

2k10(2) Fr2(2)" = 3(R12(2)") 1 1 b))
(era () = NP - W) )
- A ) )’
= —€3<2)8.

(Note that \’(2) = 365(2)(1 — N’(2)) for g3.)
Put

o |

(905(2)° — 500(2)*03(2)") = _ bugs™
n=0
By the fomula

03(2)° =1+ 16 Y o5 (n)gs™",
n=1

we have
1, for n =0,

b, = 0, for n = 1,2 mod 3,
16(—1)"04 (g) , for n =0 mod 3,
By Lemma 2 and 3, we obtain the recurrent relation of {a,} in Theorem 1 (5).
Now we calculate ay. Differentiating the identity J(#12(2)) = A} 5(z) and multiplying
both sides by %, we have

dJ(r)

/%1,2(2),? = )\?72(2’)’

where 7 = £ o(2). Multiplying both sides by 1/¢3* and using Lemma 6, we have
8 5.
pPaay X (—§W32p32a12E6(p2)) =192

as z — 100, and since we have
25 3
Ee(p2) = 3 vy m iz
FL(E)(3)

we obtain (5) in Theorem 1.



(6) Since

* 2 * *
Kiy(z+2) = _W , Koy (2 +4) =Ky (2),

and £y (ico) = V/2i, we can identify K(y)(2) with the Fourier expansion

\/Ei(l + a1qz + asqe® + azg® + -+ ).

Let 2 = A°(z). Since the proparties of Schwarzian derivative, we have

—HO) e} = % 0 —133)2 * x(ll— z)’
—H{(\) s} 1 _xgi) + (11__(;)2 + : _$((§1)_;)(Z)

and

—A{ryizh =~V = 4{(Np) el <d_f€)2
= (= ({0 a}) + (4O ) <E)

1 4-3z dz\?

- o (&)

Multiplying both sides by (%)2, we have

2“?2)<Z>/’€?2)(2)m - 3(“?2)(2>,/)2 B 1 4 — 3)\b(z) ,
(5 (212 = v vEr V@)
_ _i (300(2)05(2)" + 03(2)%) .
(Note that \’(2) = 205(2)(1 — X’(2)) for ¢o.)
Put
i (360(2)"05(2)" + (= Z bnq2".
By the fomula
00(2)*03(2)" = 1+ 16205(”)(]2 ,



we have

1, for n =0,
0, for n =1,3 (mod 4),
b, =
n
120 (5) , for n = 2 (mod 4),
1205 <2) + 4oy <E> , forn =0 (mod 4),
\ 2 4

By Lemma 1 and 3, we obtain the recurrent relation of {a,} in Theorem 1 (6).
Now we calculate a;. Differentiating the identity Af, (ky(2)) = N(2) twice and

multiplying both sides by ( )2, we have

2
s

AN, (7) X\ (7)
/‘5(2)(2)// 07 + (“(2)(2)/) T2 N(2)"

*

where 7 = /4:(2)(2). Multiplying both sides by 1/¢? and using Lemma 5, we have

V2ia, x (\/;—ilywzial%(\@i)s + (V2iay)? x (\/;—_1)27202(\@)8 =64

as z — 100, and since we have

N8 (V2-1)° m
M e

we obtain (6) in Theorem 1.

4. Appendix
In this section we give the special values of the elliptic theta functions 6y, 6, and 63,
and the Eisenstein series F; and Eg used in this paper.

4.1. Elliptic theta function
Let k = k(z) = 05(2)%/03(2)*. Since

T 0y(2)?

! dx
K :/0 V-1 ka?) 2

1
/ e =z 2 F1 <1, 13 1§k2> )
0o V-1 -ka?) 27 \272

we have the identity

and

05(2)2 = »F, (1 1;1;Ab(z)>.

22



In the case z = 1
Since the inversion fourmula of gamma function and the equation

1 21=2¢1(2¢)I (L
o (20,1 —20:2¢: = ) = (2¢) <2)1, ([EMOT], 2.1.5, p68]),
2 Fla+ ol (c—a+1)

we have

292779

2F1(1 1,11> Vi T()

as a = }l and ¢ = % So we obtain

Since we have

we obtain

In the case z = p; = e
Since the equation

1 . 2‘ i . mia __ 3a+1 F(2a+§)
QFl(a+§,3a,2a+§,63>—27re23 2 F(a—i—%)F(a—l—%)F(%)’

([EMOT], 2.9 (55), pl05),

we obtain



as a = %. Since we have

0a(p1)*

93<p1)4 =A (pl) = P1,

Oo(p1)* b smi
0s(p1)* =1= M) =€

we obtain
L) 1
Bo(pr)! = 2873w ¢ —
r'(3)°r()
1

2mi

In the case z = py = €75 :
Since the properties of elliptic theta functions

Oo(z) = 65(1+2),

eT0y(z) = 6y(1+ 2),
93(2’) = 00(1+2),

we obtain | 1
Oo(pa)' = Os(p)" = 223 31 2\2 1 (512’
" (3) 11(5)
O(p) = (o)t = PabreF L
TR
O3(p2)' = Oolpr)t = 23 ime’s 5 2
L) e

In the case z = V/2i:
Since the equation

a a+1-—2b b1 4z
— —'a_  ——
27 2 ) ) (1_2)2 b

([EMOT], 2.11 (32), p113),

oFi(a,bia—b+152) = (1 —2)7" o1} (

we have 11 11
o Fy (5, 5 1;3 — 2\/5) = 2_%(\/5— 1)_% 21 (4_1’1;1;_1)

asa=>0= % And since the equation

oFi(a,b;14+a—b;—1) =271

we have



By the above two equations we obtain

3(V2i)* = oF (%7%;1;)\b(\/§i))2

= LF 11-1-3 2\/52
- 2471 27277

= 27'(vV2-1)! 2Fl(l ! 1;—1)2

171;

= 272(vV2— 1)*17r%.
NCORNE)
Since we have /s
M: b i) =3 — — —1)2
63(ﬁi)4 N(V2i)=3-2v2=(V2-1)7
Oo(V2i)* b B B
Wfl N(p) =2(V2 - 1),

we obtain

0o(vV2i) = 272r
0,(V2i) = 272(vV2 - )m—

4.2. Eisenstein series
Let 7 € H, L = Z & Z1 and P(z) is the Wierstrass P function with the lattice L. By

the equation

P'(2)? = 4P%(2) — go(T)P(2) + g3(7),

we define go(7) and g3(7). Since we know the equations

4 8
92(7-) = §7T4E4<T>7 g3 = 2_7776E6<T>7
we have o6
A(7) = go(7)° = 27g3(7)* = %Wu (Eu(1)’ = Es(1)?) .
And we know the equation
A(T) _ (27T)12627ri7' H (1 _ ewinr)24
n=1

= (2m)'0;(7)*
= 272 (6(r)0a(7)05(7))" )
247 20(7)05(7)® (03(7)" — 02(7)")".

So we obtain
52 (Ea(r)? = Eg(r)?) = 27" (6(7)0a(7)63(7))°



On the otherhand we know two expressions for J as followings:

4 (=N + N2

27 N(7)2(1 — X°(7))?

4 O2(7)8 — O5(7)203(7)* + 03(7)®
27 0,(7)305(7)® (65(7)* — 02(7)*)?

J(r) =

and
Ey(1)?

T Ey(1)® — Eg(r)2

J(7)
Thus we have

{E4(T) = 0a2(7)° — O2(7) 03(7)* + O5(7)°,

Eﬁ(T) = % (92(7')4 — 293(7‘)4) (292(7’)4 — 93(7')4) (92(7‘)4 + 93(’7‘)4> .

Using 4.1, we obtain

Ey(i) = %Fg) )
Ey(p) = 0,
E4(p2) = 0,
. 5 2
E4(\/§Z> = ?F (§)4F (%)4a
Es(i) = 0,
2° w3
o ST
25 3
e TR
B(VE) =
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