ON THE KAUFFMAN-HARARY CONJECTURE FOR
ALEXANDER QUANDLE COLORINGS

SOICHIRO ASAMI

ABSTRACT. The Kauffman-Harary conjecture is a conjecture for Fox’s color-
ings of alternating knots with prime determinants. We consider a conjecture
for Alexander quandle colorings by referring to the Kauffman-Harary conjec-
ture. We prove that this new conjecture is true for twist knots.

1. INTRODUCTION.
We recall the following conjecture called the Kauffman-Harary conjecture [3].

Conjecture 1.1. Let D be a reduced alternating knot diagram with a prime deter-
minant p. Then every non-trivial Fox’s p-coloring of D assigns different colors to
different arcs of D.

In [1], Asaeda, Przytycki and Sikora generalize the conjecture by stating it in
terms of homology of the double cover of the 3-sphere S branched along a link,
and prove that the generalized conjecture is true for Montesinos links.

Fox’s p-coloring is coincident with the coloring by the dihedral quandle R, of
order p (cf. [2]). We consider the following conjecture associated with the Alexander
quandle which we can regard as a generalization of R,,.

Conjecture 1.2. Let K be an alternating oriented knot, D be a reduced alter-
nating diagram of K, and Ak (t) be the Alexander polynomial of K. If the ring
Z[t,t7Y/(Ak(t)) is an integral domain, then every non-trivial coloring of D by the
Alexander quandle Z[t,t=1]/(Ak (t)) assigns different colors to different arcs of D.

If the Kauffman-Harary conjecture is true then Conjecture 1.2, also, is true for
any alternating knots with prime determinants (see Section 2). But Conjecture 1.2
is not included in the Kauffman-Harary conjecture because there is a knot with
a non-prime determinant whose Alexander polynomial is a prime element in the
Laurent polynomial ring Z[t,t~1].

This paper is organized as follows. In Section 2, we review the definition of
quandles and colorings by quandles of knot diagrams. In Section 3, we study
colorings by Alexander quandles for the diagram of twist knots. Finally, we prove
that Conjecture 1.2 is true for twist knots (Theorem 3.3).

2. QUANDLES AND COLORINGS.
In this section, we review the definition of quandles and colorings by quandles.

Definition 2.1 ([4], [5]). A quandle, X, is a set with a binary operation * : X x
X — X satistying the following conditions:
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(Ql) Forany z € X, z*z = z.
(Q2) For any z,y € X, there is a unique element z € X such that z = z xy.
(Q3) For any z,y,z € X, (x*xy)*z= (z*2)* (y*2).

The condition (Q2) is equivalent to the following condition:

(Q2") For any z,y € X, there is a binary operation *~! : X x X — X such that
(xy)xly=a=(zxty)*y.
We list some typical examples of quandles.

Example 2.2. (1) Let m be a positive integer, and for elements 4, j € Z,,, define
i*j =27 —14 (mod m). Then the operation * defines a quandle structure called
the dihedral quandle R,, of order m. The operation ' is identical with the
operation .

(2) Let A = Z[t,t~!] be the Laurent polynomial ring over Z, J C A be an ideal of
A. Then the quotient ring A/J with the binary operation defined by x *y =
te 4+ (1 —t)y for any =,y € A/J is a quandle called an Alezander quandle. The
operation *~! is given by z 1y = t~lo + (1 — t~1)y. We remark that the
dihedral quandle R, is isomorphic to A/(m,t+ 1)

Definition 2.3. Let D be a diagram of an oriented knot K, and ¥ the set of arcs
of D. Given a quandle X, an X -coloring for D is a map C' : ¥ — X which satisfies
C(y) = C(a) * C(B) at each crossing, where a,y € ¥ are under-arcs on the right
and left of the over-arc § € X, respectively. If an X-coloring uses only one color we
say that it is trivial.

For example, the coloring by the dihedral quandle R,, is coincident with Fox’s
m-coloring. An Alexander quandle coloring C satisfies C(y) = tC(a) + (1 —t)C(5)
and C(a) = t71C(y) + (1 — t~1)C(B) at each crossing, where a, 3 and v are
above-mentioned.

Let D be a diagram of an oriented knot K with a prime determinant p, Ak (t)
be the Alexander polynomial of K, and ¥ = {a;}; be the set of arcs of D. Since
the determinant p is equal to |Ag(—1)|, an Rp-coloring of D corresponds to a
coloring by A/(Ak(t),t +1) = Z/(Ak(—1)). For any color f;(t) of ; colored by
A/(Ak(t)), there is a color a; of a; colored by Ry, such that f;(—1) = a; (mod p).
If a; is not equal to a; in Z, for i # j, then f;(¢) is not equal to f;(t) in A/(Ak(t)).
Therefore, if the Kauffman-Harary conjecture is true then Conjecture 1.2, also, is
true for any alternating knots with prime determinants. We remark that there is a
knot with non-prime determinants whose Alexander polynomial is a prime element
in the Laurent polynomial ring Z[t,t71]. See Section 3.

3. ALEXANDER QUANDLE COLORINGS OF TWIST KNOTS.

In this section, we consider Alexander quandle colorings of twist knots.

The diagram D,, of an n-twist knot K, is pictured in the left of Figure 1, where
|n| is the number of crossings in the “twist” part. The twists are right-handed if
n > 0 and left-handed if n < 0. The left of Figure 1 shows the case n > 0. We
orient K, by the orientation indicated in the left of Figure 1.

Let A/J be an Alexander quandle. We color the arcs of the “twist” part in the
diagram D,, by ag, bo, b1, ...,b,| € A/J as shown in the right of Figure 1. By the
definition of Alexander quandle colorings, the relations between these colors are



ON THE KAUFFMAN-HARARY CONJECTURE 3
«—"\/ -

m| 1 ITLl

n—crossings

U

FiGURE 1. The diagram D,, of K,,

described by

0 1 bi_a e
if 4 is even,
(bi—1> _ t 1—t bi—1
b; ) )
0 1 bic2) iy odd,
=1 1 —¢! bi_1

without regard to the sign of n, where ¢ = 0,1,...,n and b_; = ag. By induction,
we have
(1) bi_1 _ 1 i(t_l — 1) +2 i(l — t_l) ag

by ) 2\ it —-1) i(l—t1)+2 bo

if 4 is even, and

@) bioa) _ 1 G-t =1 (-1 -t +2 ao

b ) 2\ G+ -1 +2 @G+ -t bo
if ¢ is odd. Furthermore, the colorings ag, bo, bj,|—1,bj,| of the four arcs in the
“clasp” part of D,, have the following relations:

t~tag+ (1 —t=Ho, if n is positive, even,
3) b — tag + (1 —t)by, if n is positive, odd,
0 tag + (1 —t)bjn—1 if n is negative, even,
t~lag + (1 — t’l)bm‘_l if n is negative, odd,
and
) e+ (1=t Y)ag i nis positive,
=1 tby, + (1 —1)bo if n is negative.

Lemma 3.1. Assume that the ring A/J is an integral domain. The diagram D,
admits a non-trivial A/J-coloring if and only if it holds that

ntt—-2+t)=2 if n is positive, even,
tr+ i+ )2 =207 +1) =0 if n is positive, odd,
In|(t=t —2+1t) = -2 if n is negative, even,

Tt = 2(In| =)t 2 =271 +1) =0 if n is negative, odd.



4 SOICHIRO ASAMI

Proof. We assume that n is positive, even. From the relations (1),(3) and (4), we
obtain (ag — bo)(n(t~! —2+t) — 2) = 0. If the color ag is equal to the color by
then D,, has nothing but trivial A/J-colorings. Since A/J is an integral domain,
D,, admits a non-trivial A/J-coloring if and only if it holds that n(t=* —2+1¢) = 2.

In the same way, we can prove this lemma for other cases. O

The Alexander polynomial Ak, (t) of the twist knot K, is equal to

2(1—-2t+1%)—t if n is positive, even,
5) t+1(n+1)(1—2t+t*)  if nis positive, odd,
|7"‘(1 — 2+ 1)+t if n is negative, even,

t—21(In| —1)(1 — 2t +t?) if n is negative, odd,

up to multiplication by a unit +¢**. There is an integer n such that, although the
determinant |Ag, (—1)| is not prime, the Alexander polynomial A, (¢) is prime
in the Laurent polynomial ring A = Z[t,t~!], that is, the ring A/(Ag, (t)) is an
integral domain. For example, if n is odd then Ak, (t) is always prime. We have
the following proposition from Lemma 3.1 and (5).

Proposition 3.2. For any integer n the diagram D,, of the twist knot K, admits
a non-trivial A/(Ag, (t))-coloring.

We consider the case that n is positive, that is, we suppose that the diagram D,
is alternating. Assume that D, is colored by a non-trivial A/(Ak, (t))-coloring. If
the color b; is equal to the color by, for integers I,m (=1 < I,m < n) then from the
relations (1), (2) we obtain | = m. In other words, different arcs of D,, are colored
by different colors. Accordingly, we have the following theorem.

Theorem 3.3. Conjecture 1.2 is true for twist knots.

In the same way, we can prove that for a negative integer n, that is, for a
non-alternating diagram D,,, every non-trivial A/(Ak, (t))-coloring of D,, assigns
different colors to different arcs of D,,. Possibly we may remove the condition that
“a diagram is alternating” from Conjecture 1.2. At the present the author does not
know a counterexample.

REFERENCES

[1] M. Asaeda, J. Przytycki, and A. Sikora, Kauffman-Harary conjecture holds for Montesinos
knots, to appear in J. Knot Theory Ramifications.

[2] R. H. Fox, A quick trip through knot theory, Topology of 3-manifolds and related topics
(Georgia, 1961), Prentice-Hall, 120-167.

[3] F. Harary, L. H. Kauffman, Knots and Graphs I - Arc Graphs and Colorings, Advances in
Applied Math. 22 (1999), 312-337.

[4] D. Joyce, A classifying invariant of knots, the knot quandle, J. Pure Appl. Alg. 23 (1982),
37-65.

[5] S. Matveev, Distributive groupoids in knot theory (Russian), Math. USSR-Sbornik 23 (1982),
78-88.

DIVISION OF MATHEMATICAL SCIENCES AND PHYSICS, GRADUATE SCHOOL OF SCIENCE AND
TECHNOLOGY, CHIBA UNIVERSITY, 1-33 YAYOI-CHO, INAGE-KU, CHIBA, 263-8522, JAPAN
E-mail address: xasami@g.math.s.chiba-u.ac.jp



