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Abstract

In this paper we classify the Newton polygons of the L- polynomial
L(t) associated to the Picard curve over Fp obtained from the curve

y3 = x4 − 1

over Z by reduction modulo p. Our main result is stated in Theorem 3.1.

1 Curves over finite fields

Let k denote the field of q = pm elements with a rational prime p, and let k̄
denote its algebraic closure. Let kr denote the algebraic extension of k with
[kr : k] = r. Let C/k be a smooth projective curve of genus g, and let Nr

denote the number of kr-rational points.
The zeta function of C over k = Fq is the formal power series

Z(C; t) = exp(
∞∑

i=1

Ni
ti

i
).

Proposition 1.1. 1. Z(C; t) is a rational function of t and it is given in the
form

Z(C; t) =
LC(t)

(1− t)(1− qt)
,

where LC(t) =
∑2g

i=0 ait
i ∈ Z[t], a0 = 1, a2g = qg.

2. Z(C; t) satisfies the functional equation

Z(C;
1
qt

) = q1−gt2−2gZ(C; t).

3. Let LC(t) =
∏2g

i=1(1− αit) be the decomposition in linear factors in C[t],
it holds

|αi| = q1/2, 1 ≤ i ≤ 2g.

Proof. Milne[5],[6].

The polynomial LC(t) is called the L-polynomial of C.

Corollary 1.1. 1. For the L-polynomial LC(t) =
∑2g

i=0 ait
i, we have

ai = qi−ga2g−i, 0 ≤ i ≤ g
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2. For the linear decomposition LC(t) =
∏2g

i=1(1− αit) over C,it holds

Nr = 1 + qr −
2g∑

i=1

αr
i .

Let J = J(C) be the jacobian variety associated to C/k. If N1 6= 0, we may
assume that J and the canonical embedding C → J are defined over k. (Hindy
and Silverman [8].) Let l be a rational prime with l 6= p and let TlJ denote the
Tate module of J , and let (TlJ)∨ denote its dual.

Proposition 1.2. Let Hn(Cet,Zl) and Hn(Jet,Zl) be l−adic cohomologies of
C and J , respectively. It holds

H1(Cet,Zl) ∼= H1(Jet,Zl) ∼= (TlJ)∨.

Proof. Milne [5],[6].

Let π : J → J be the Frobenius endomorphism relative to k, and let P (t) is
the characteristic polynomial of π acting on TlJ . Then we have

P (t) = t−2gLC(1/t).

Theorem 1.1. Let A and B be abelian varieties over k. Let PA(t) and PB(t)
be the characteristic polynomials of the Frobenius, respectively. A is isogenous
to B if and only if PA(t) = PB(t).

Proof. Tate [10].

Let Hn(C,OC) be the coherent cohomology relative to the Zariski topology.
If we choose a basis {f1, · · · , fg} of H1(C,OC), the Frobenius morphism π is
represented by a matrix:

π




f1

...
fg


 = A




f1

...
fg


 ,

where A is a (g × g) matrix with elements in k.

Aπ = A ·A(p2) · · ·A(pg−1)

is called the Hasse-Witt matrix of C relative to the basis {f1, · · · , fg}.
Theorem 1.2.

P (t) ≡ (−1)gtg det(Aπ − tIg) (mod p).

Proof. Manin [3],[4].

The following theorem is well known:

Theorem 1.3. Let X be a curve defined over k. Then the Jacobian J(X) is
isomorphic to a product of supersingular elliptic curves if and only if the Cartier
operator C : H0(X, Ω1

X) → H0(X, Ω1
X) vanishes.

Proof. Nygaard [7].

This means J(C) is isomorphic to a product of the supersingular elliptic
curves if and only if the Frobenius endomorphism π : H1(C,OC) → H1(C,OC)
vanishes.
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2 Picard curves over a finite field

Let k = Fp be a finite field with a rational prime p > 3, And let C be a smooth
projective curve over k with an affine model:

y3 = x4 + a3x
3 + a2x

2 + a1x + a0, ai ∈ k.

here it is supposed f(x) = x4 + a3x
3 + a2x

2 + a1x + a0 has no multiple root. It
is called a Picard curve.

The L-polynomial of C is equal to;

LC(t) =
6∑

i=0

bit
i.

Let Nr be the number of kr-rational points on C. The coefficients of LC(t) are
given by

b6 = 1, b5 = N1 − 1− p, b4 = (N2 − 1− p2 + b2
5)/2,

b3 = (N3 − 1− p3 + b2
5 + 3b4b5)/3,

b2 = pb4, b1 = p2b5, b0 = p3.

Proposition 2.1. Let C be a Picard curve over a finite field Fq. If qm ≡ 2
(mod 3), then

Nm = qm + 1.

Proof. Estrada [1] Holzapfel-Nicolae[2].

The projective model of C is:

Y 3 = X4 + a3X
3Z + a2X

2Z2 + a1XZ3 + a0Z
4.

To find a basis of H1(C,OC), we consider the standard affine covering of C

V0 = C ∩ {Z 6= 0}, V1 = {X 6= 0}.
Let δ be the coboundary map :

δ : Γ(V0,OC)× Γ(V1,OC) → Γ(V0 ∩ V1),

δ(f0, f1) = f0 − f1|V0∩V1 .
Because {V0, V1} is an affine covering of C, the Cech cohomology is isomor-

phic to Hi(C,OC). In particular

H1(C,OC) ∼= Γ(V0 ∩ V1,OC)/ Im δ.

Set P∞ = [X : Y : Z] = [0 : 1 : 0], Pi = [0 : βi : 1] (i = 1, 2, 3), where βi’s are
the roots of the equation y3 = a0 and Qj = [αj : 0 : 1] (j = 1, 2, 3, 4), where
αj ’s are the roots of the equation f(x) = 0 .

If ϕ ∈ Γ(V0 ∩ V1,OC), then ϕ is regular except {P1, P2, P3, P∞}. On the
other hand, we have the Weierstrass gap values 1, 2, 5 at P∞.

We denote the principal divisor of the function ϕ by (ϕ). The divisors of
coordinate functions x = X/Z and y = Y/Z are given by

(x) = P1 + P2 + P3 − 3P∞,

(y) = Q1 + Q2 + Q3 + Q4 − 4P∞.
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Similarly we have

(y/x) =
4∑

i=1

Qi −
3∑

j=1

Pj − P∞

(y2/x2) = 2
4∑

i=1

Qi − 2
3∑

j=1

Pj − 2P∞

(y2/x) = 2
4∑

i=1

Qi −
3∑

j=1

Pj − 5P∞.

Thus we choose a system of basis of H1(C,OC) as

{y/x, y2/x2, y2/x}.
Proposition 2.2. We have

y/xn = 0 in H1(C,OC)

for n 6= 1, and
y2/xm = 0 in H1(C,OC)

for m 6= 1, 2.

Proof. We have

(y/xn) =
4∑

i=1

Qi − n
3∑

j=1

Pj + (3n− 4)P∞ (n ∈ Z).

If n ≤ 0, then y/xn has a pole only at P∞. This means y/xn ∈ Γ(V0,OC),
and δ(y/xn, 0) = y/xn. If n ≥ 2, y/xn has a pole at P1, P2, P3. This means
y/xnΓ(V1,OC), and δ(0, y/xn) = y/xn. So the first assertion follows.

We obtain the second by the same argument.

Let vp be the p−adic valuation of Qp. By the Newton polygon of LC(t) =∑6
i=0 bit

i we mean the lower convex envelope of the set of points {(i, vp(bi)) :
0 ≤ g ≤ 2g} ⊂ R2. Let LC(t) =

∑2g
i=1 ait

i be a L -polynomial of a Picard curve.
We have five possibilities for the Newton polygons given by the following figures.
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Type V : supersingular

3 Curve C : y3 = x4 − 1 over Fp

Theorem 3.1. Let p be a rational prime with p > 3 and let k = Fp. For the
Picard curve

C : y3 = x4 − 1

over k, the Newton polygon takes the shape of




Type V for p ≡ 11 (mod 12)
Type I for p ≡ 1 (mod 12)
Type II for p ≡ 5 (mod 12)
Type III for p ≡ 7 (mod 12).

Proof. (1) Assume p = 12r + 11, r ∈ Z. So

(y/x)p = (y3)4r+3y2/xp

= (x4 − 1)3r+2y2/xp

=
∑

(−1)4r+3−k

(
4r + 3

k

)
y2/xp−4k,

with

p− 4k = 12r + 11− 4k

= 4(3r − k + 2) + 3
6= 1, 2.

By Proposition 2.2, we obtain

(y/x)p ≡ 0 (mod H1(C,OC)).

We have

(y2/x2)p = (y3)8r+7y/x2p

=
∑

(−1)8r+7−k

(
8r + 7

k

)
y/x2p−4k,

with

2p− 4k = 24r + 22− 4k

= 4(6r − k + 5) + 2
6= 1.
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By Proposition 2.2, we obtain

(y2/x2)p ≡ 0 (mod H1(C,OC)).

And we have

(y2/x)p = (y3)8r+7y/xp

=
∑

(−1)8r+7−k

(
8r + 7

k

)
y/xp−4k,

with

p− 4k = 4(3r − k + 2) + 3
6= 1.

By Proposition 2.2, we obtain

(y2/x)p ≡ 0 (mod H1(C,OC)).

So our Frobenius map is 0-map. By Theorem 1.3,

P (t) ≡ (−1)3t3(−t3) ≡ t6 (mod p),

and
LC(t) ≡ 1 (mod p).

We conclude LC(t) belongs to Type V.
(2) Assume p = 12r + 1, r ∈ Z. So

(y/x)p = (y3)4ry/xp

= (x4 − 1)4ry/xp

=
∑

(−1)4r−k

(
4r

k

)
y/xp−4k,

with

p− 4k = 12r + 1− 4k

= 4(3r − k) + 1.

By Proposition 2.2, it remains only the term k = 3r. So we obtain

(y/x)p ≡ (−1)r

(
4r

3r

)
y/x (mod H1(C,OC)).

We have

(y2/x2)p = (y3)8ry2/x2p

=
∑

(−1)8r−k

(
8r

k

)
y2/x2p−4k,

with

2p− 4k = 24r + 2− 4k

= 4(6r − k) + 2.
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By Proposition 2.2, it remains only the term k = 6r. So we obtain

(y2/x2)p ≡ (−1)2r

(
8r

6r

)
y2/x2 (mod H1(C,OC)).

And we have

(y2/x)p = (y3)8ry2/xp

=
∑

(−1)8r−r

(
8r

k

)
y/xp−4k,

with

p− 4k = 12r + 1− 4k

= 4(3r − k) + 1.

By Proposition 2.2, it remains only the term k = 3r. So we obtain

(y2/x)p ≡ (−1)5r

(
8r

3r

)
y2/x (mod H1(C,OC)).

The matrix associated to the Frobenius map is:

A =




(−1)r
(
4r
3r

)
0 0

0 (−1)2r
(
8r
6r

)
0

0 0 (−1)5r
(
8r
3r

)


 ,

and the Hasse-Witt matrix of C is

Aπ =




c1 0 0
0 c2 0
0 0 c3


 ,

where c1 = (−1)r+p+p2(4r
3r

)(
4r
3r

)p(4r
3r

)p2

, c2 = (−1)2r+p+p2(8r
6r

)(
8r
6r

)p(8r
6r

)p2

and

c3 = (−1)5r+p+p2(8r
3r

)(
8r
3r

)p(8r
3r

)p2

. By Theorem 1.2, we obtain

P (t) ≡ −t3(c1 − t)(c2 − t)(c3 − t)

≡ t6 − (c1 + c2 + c3)t5 + (c1c2 + c2c3 + c3c1)t4 − c1c2c3t
3 (mod p),

and

LC(t) ≡ 1− (c1 + c2 + c3)t + (c1c2 + c2c3 + c3c1)t2 − c1c2c3t
3 (mod p),

with vp(c1c2c3) = 0. So LC(t) belongs to Type I.
(3) Assume p = 12r + 5, r ∈ Z. So

(y/x)p = (y3)4r+1y2/xp

= (x4 − 1)4r+1y2/xp

=
∑

(−1)4r+1−k

(
4r + 1

k

)
y2/xp−4k,
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with

p− 4k = 12r + 5− 4k

= 4(3r − k + 1) + 1.

By Proposition 2.2, it remains only the term k = 3r + 1. So we obtain

(y/x)p ≡ (−1)r

(
4r + 1
3r + 1

)
y2/x (mod H1(C,OC)).

We have

(y2/x2)p = (y3)8r+3y/x2p

=
∑

(−1)8r+3−k

(
8r + 3

k

)
y/x2p−4k,

with

2p− 4k = 24r + 10− 4k

= 4(6r − k + 2) + 2
6= 1.

By Proposition 2.2, we obtain

(y2/x2)p ≡ 0 (mod H1(C,OC)).

And we have

(y2/x)p = (y3)8r+3y/xp

=
∑

(−1)8r+3−k

(
8r + 3

k

)
y/xp−4k,

with

p− 4k = 4(3r − k + 1) + 1.

By Proposition 2.2, it remains only the term k = 3r + 1. So we obtain

(y2/x)p ≡ (−1)5r+2

(
8r + 3
3r + 1

)
y/x (mod H1(C,OC)).

The matrix associated to Frobenius map is;

A =




0 0 (−1)r
(
4r+1
3r+1

)
0 0 0

(−1)5r+2
(
8r+3
3r+1

)
0 0


 ,

and the Hasse-Witt matrix of C is

Aπ =




0 0 α
0 0 0
β 0 0


 ,

where α = (−1)5r+2+rp+(5r+2)p2 (
4r+1
3r+1

)p(8r+3
3r+1

)p2+1
and β = (−1)r+(5r+2)p+rp2 (

8r+3
3r+1

)p(4r+1
3r+1

)p2+1
.
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By Theorem 1.2, we obtain

P (t) ≡ (−1)3t3(−t3 + αβt)

≡ t6 − αβt4 (mod p),

and
L(t) ≡ 1− αβt2 (mod p)

with
vp(αβ) = 0.

We conclude LC(t) belongs to Type II.
(4) Assume p = 12r + 7, r ∈ Z. So

(y/x)p = (y3)4r+2y/xp

= (x4 − 1)4r+2y/xp

=
∑

(−1)4r+2−k

(
4r + 2

k

)
y/xp−4k,

with

p− 4k = 12r + 7− 4k

= 4(3r − k + 1) + 3
6= 1, 2.

By Proposition 2.2, we obtain

(y/x)p ≡ 0 (mod H1(C,OC)).

We have

(y2/x2)p = (y3)8r+4y2/x2p

=
∑

(−1)8r+4−k

(
8r + 4

k

)
y2/x2p−4k,

with

2p− 4k = 24r + 14− 4k

= 4(6r − k + 3) + 2.

By Proposition 2.2, it remains only the term k = 6r + 3. So we obtain

(y2/x2)p ≡ (−1)2r+1

(
8r + 4
6r + 3

)
y2/x2 (mod H1(C,OC)).

And we have

(y2/x)p = (y3)8r+4y2/xp

=
∑

(−1)8r+4−k

(
8r + 4

k

)
y2/xp−4k,

with

p− 4k = 4(3r − k + 1) + 3
6= 1, 2.
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By Proposition 2.2, we obtain

(y2/x)p ≡ 0 (mod H1(C,OC)).

The matrix associated to Frobenius map is;

A =




0 0 0
0 (−1)2r+1

(
8r+4
6r+3

)
0

0 0 0


 ,

and the Hasse-Witt matrix of C is

Aπ =




0 0 0
0 γ 0
0 0 0


 ,

where γ = (−1)2r+1+(2r+1)p+(2r+1)p2 (
8r+4
6r+3

)1+p+p2

.
By Theorem 1.2, we obtain

P (t) ≡ (−1)3t3t2(γ − t)

≡ −t6 + γt5 (mod p),

and
L(t) ≡ 1− γt (mod p),

with
vp(γ) = 0.

We conclude LC(t) belongs to Type III.
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