ON THE EXTENDED HAAGERUP TENSOR
PRODUCT IN OPERATOR SPACES
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ABSTRACT. We describe the Haagerup tensor product £°° ®jp £°°
and the extended Haagerup tensor product £°° ®.p £°° in terms of
Schur product maps, and show that £>°®;, £ NB(¢£2) (resp. £ Ry,
(>°NB(£?)) coincides with co @y, coNB(L?) (resp. co®@epn coNB(£2)).
For C*-algebras A, B, it is shown that A ®, B = A Q¢ B if and
only if A or B is finite-dimensional.

1. INTRODUCTION

For Hilbert spaces H and K, we let B(H,K) and K(H, ) denote
the bounded operators and the compact operators of H to K. An
operator space X on H is a subspace of B(H) = B(H,H) which is
endowed with norms to each n x m matrices M, ,,(X) over X as a
subspace of M, ,,,(B(H)) = B(H™, H"). We allow to use the notation
My ;(B(H)) = B(H’, H!) for arbitrary index sets I and J. Let X and
Y be operator spaces. The Haagerup tensor product of X and Y is the
completion of the algebraic tensor product X ® Y by the norm

lullp = inf{||[a1, ..., an)|||*[b1, ... ,bu]|| | uw= Zai ®beXR®Y,

i=1

neN, a € X, b €Y},

and is denoted by X ®;, Y [3]. We also recall the extended Haagerup
tensor product X ®., Y. An element u of X ®,, Y is represented by
the following formal sum:

u = Z a; ® bl‘,

iel
where a = [a;]ier € My 1(X), b="[b;]ics € M1(Y) (in other words,
lall = Y aaf[|V? < oo, bl = || Y bibil|'/* < o0

el iel
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for a; € X and b; € Y'). We appreciate this formal sum as the bilinear
form on X* x Y* as follows:

uf,9) =) a(f)bilg) for fe X gey™.

icl
For this element u € X ®,.;, Y, its norm is defined by

ullen = inf{[lall[b] [u =" a;@b;, a € My (X), b€ My, (Y)}.

el

Then we can realize X ®., Y as a subspace of the dual operator space
(X" @, V)" [6].

In [7], the authors studied the Schur product on B(H) and used the
extended Haagerup tensor product to describe the property of Schur
product maps. Effros and Ruan has shown that X @, Y is (completely
isometrically) embedded to X ®., Y [6]. We will be concerned with
the difference between the Haagerup tensor product and the extended
Haagerup tensor product, since it is essential to deal with Schur prod-
uct maps derived from (possibly unbounded) operators. The Schur
product map on B(¢?) is a normal ¢*°-bimodule map, where /> is a
maximal abelian subalgebra of B(¢?) and is identified with the bounded
sequences on N (c.f. [7]). As a deep result concerning (normal) bimod-
ule maps, we often refer to the following theorem by Blecher and Smith
in [2]: if M is a von Neumann algebra, then M ®,+, M is completely
isomorphic to the completely bounded M’-bimodule maps of K(H) to
B(H) denoted by CByy(K(H), B(H)), where ®,,«), coincides with ®cp,
in this setting.

In section 2, we study the difference between £°° ®j, £°° and £*° ®,, £>°
from the view point of Schur product and characterize them in terms of
Schur product maps. Moreover we characterize co ®j, ¢o and ¢y ®gp, ¢o in
terms of Schur product maps, where ¢ is the complex sequences on N
tends to 0. As a result for Schur product maps derived from bounded
operators, we show that (> ®;, £° N B(L?) (resp. (*° R (° N B(F2))
coincides with ¢y ®;, co N B(£?) (resp. ¢y Rep, co N B(L?)).

In section 3, we introduce some notions (right-compact, weakly right-
compact, left-compact, weakly left-compact) for which distinguish the
Haagerup tensor product from the extended Haagerup tensor product
for operator spaces. As a main result in this section, for C*-algebras
A, B, it is shown that A ®, B = A ®., B if and only if A or B is
finite-dimensional.
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R A Rn 0%° AND /(° Ren, >

Let X and Y be operator spaces and X ®Y the algebraic tensor prod-
uct of X and Y. For a = [ay,... ,a,] € My, (X), b ="b1,... ,b,] €
M, 1(Y) and a = [ay;] € M,,(C), we denote Y ;a; ®b; € X ®Y by
a®b, and Y1 ajja; @ b; by aa @ b.

Proposition 1. Ifue X ®Y, then
[ulln = inf{|al[[|eflll0] | u = aa®@be X @Y,
neN, aeM,(C), aeM,(X), be M, (Y)}.
Proof. 1t follows from
[ullr, = mf{|lall[[Ln[|[b]] | v = al, @ b}

> inf{{|all[|e[[[bl] | v = ac @ b}

> inf{{lac|[|[b]| | v = aa @ b}

> inf{{lal[[[b]l | v =a © b} = [[ulln.

Proposition 2. Ifu e X ®, Y, then
[ulln = inf{[la]|lall|B]] | & € K(£*), @ € Mioo(X), b€ Mo 1(Y),

u= Z a;ja; ® bj(= ac ® b) converges in X @y Y}
ij=1

= inf{miax |Xilllal[|b]] | (i) € co,a € My oo(X), be Mo1(Y),

U= Z Aia; @ b; converges in X ®p, Y'}.
i=1
Proof. Suppose that v € X ®, Y with |lu|l, < 1. To prove the first
equality, it suffices to show that there exist a = [ay, ag,...]| € M} o (X)
with [|a]| < 1, @ = [ay;] € K(¢?) with |la|| < 1 and b = [by, by, ...] €
Mo 1 (Y) with [|b]] < 1 such that

k
Z Qa4 (059 bj
ij=1
converges to u in X ®, Y when £ tends to oo.
Given € = 1 — ||lu|lp, > 0. Then we can choose a sequence {u,} C

X ®Y, which converges to u, satisfying that ||u,||, < 1—¢ and ||u,41 —
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Up|ln < 27" (n > 1), ug = 0. If we put t,, = upy1 — u, , then it turns
out

k
1St = ll = s — ulla — 0 (k — 00).
n=0
For ¢, € X ® Y, there exist v, € M ) (X), B, € Myp) and w, €
My(n)1 such that ¢, = v,0, ® w, with ||3,] = 1(n > 0), |lva||||lw.| <
27"(n > 1), |lvo|l||lwol| < 1 — e and ||v,|| = [Jw,]|. It follows that

[e.o] [e.o]
D ltalln < D lvallllwall < 1.
n=0 n=0
Then we can choose an increasing sequence {c,} C R such that
o0
¢a > 1, lim ¢, =00, Y cullvnllflwall < 1.
n=0

Now we put a(i) = /v, a; = f;/c; and b(i) = \/c;w;. Then we
have

U1 = zk: VnOn @ Wy = Ek: a(n)oy, ® b(n)
T b(0)
= [a(0) a(1) ... a(k)] " ® b(:l) ,
L)

and [|[a(0),a(1),...,a(R)][, [I'[b(0),b(1),... ,b(R)][ < 1, flaw] — O
(k — o0). If we define a,, € X, b, € Y and a € K(£?) by the fol-
lowing relation:

[@(0),a(1),... ,a(k)] = [a1,as, . .. , Qu)+e(1)+teeh))
[0(0),b(1), .., b(k)] = [b1, b2, - .., byo)+e(1)4-+ew)]

(e.0)
o= Do
k=0

then we can get the first equality.
For the above o € K(¢?), we can take unitaries uy, vy, € M) such
that

szgol 2(i)+1
Ack—1
ap = Uk im0 HDF2 ) Vi (kj = 07 1, 2, e )

)\Zfzo £(1)



If we put

A1
A2

U:@uk,V:@vk,A: )\3 s
k=0 k=0

then we can get
IA] = max A,
aU € M o(X) and ||a|| = ||aU]|,
Vbe My 1 (Y) and ||b]| = ||Vb,
for any a € M oo(X) and b € M, ;(Y). By the fact
aac®@b=aUAV ®@b= (aU)A ® (Vb),

we can get the second equality. O

By the above proof, we also get the following fact:
X®,Y ={aa®b|acK(*),a €M, (X),be My 1(Y)}

={> XNai®b; | (\i) € co,a € My o(X), b € Moo (Y)}.
i=1

Let H be a separable Hilbert space, {f;}3, a completely orthonormal
system of H and {e;;}£5_; a system of matrix units of B(H) defined by

e = (& f5) fi, £EHN.

We can naturally identify the bounded sequences ¢* on N with the
maximal abelian subalgebra of B(H) generated by {e;; }32,. We denote
by CBy=(K(H),B(H)) the (*-bimodule completely bounded maps of
K(H) to B(H). Then there exists completely isometric isomorphism
between (*°®., > and C By (K(H),B(H)) by the following: for ). a;®
bi € 17° ®@ep £7°, < >, 0; @ b; >€ OBy (K(H),B(H)) is defined by

< ZCLZ' ® b; > (k?) = Zalkbz
for k € K(H) [2]. By the ¢*°-bimodularity of < z > for x € (> ®,, {*°,

there exists a scalar z;; satisfying that

<x>(eij):xij€ija 1,7 =1,2,....
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Then we can define an infinite dimensional matrix

2] = [24]55=1

and also identify [x] with a linear map from ¢.(N) to £*° as follows: for

f = [£1,€2, .. ] < CC(N),
6 =) e Y iy, ],
j=1 j=1

where £ = [£1,&,...] € ¢.(N) means that &, = 0 for sufficiently large
n. Clearly c.(N) is contained in ¢? and the image of c¢.(N) by [z] is
not necessarily contained in ¢2. If [z] can be extended to B(/(?) (resp.
K(¢%)), then we write z € (£ @, () NB (resp. x € (£ R, () NK).
We also use the following notation: for any subspace S of £>° ®., £°°,
SNB =Ry °)NBNS,
SNK = ({* @ (°)NKN S,

Lemma 3. z € (> ®., {> if and only if there exist &,m; € (% (i =
1,2,...) such that

sup{[[&ill, lIn:ll} < oo and @y = (&lny)-

Proof. For x € (*° ®,., £°°, note that there exist countable sequences
{a;}52, and {b;}$2, in £*° such that

lar, as, - b1, bo, -] < o and 2 = > " a; @ by
i=1

Then we define §; = [a1(7), as(i),...] and n; = [b1(i), ba(i), . ..] for any
i € N. Clearly we have &;,n; € (2,

sup{[[&ll, [Im:ll} < max{l|[a1, az, ... ][I, [I'[br, b2, - - ]II},

and

00
< x> (Gij) = Zakeijbk
k=1

= Zak(i)bk(j)eij = (&ilnj)eij-

Conversely, for & = [&(1),&(2),...], i = [m:(1),n:(2),...] € £ with
sup{[[&ill, [[m:ll} < oo and @5 = (&[ny), we define

a; = [61(1), &(), -] angl bi =" (i), m(0), ...



Then we have

H[al?a?v .. ]”7 Ht[bbb?’ e ]H < Sup{H&H, Han}

and

=1

Lemma 4. x € (*° ®j, (*° if and only if there exist € K((?), &,
n; € 0% (i =1,2,...) such that

supd &l lImill} < o0 and 25 = (5&iln;)-

Proof. By Proposition 2, for given € > 0 and x € {*° ®;, £>°, there exist
[(ll, ag, . . ] € MLOO(EOO), t[bl, bg, .. ] € Moo7l(foo) and [Oéij] € K(H)
satisfying ||[a1, ag, ... ]| ||"[b1,b2,...]|| <1 and |[[ay]|] < ||z]|n + € such
that x = Z?E’:l ozl-jai@)bj. Iffz = [&1(i), ag(i), ce ], n; = [bl(l), bQ(Z), .. ]
and § = [§;;] where (3;; = aj;, then it is clear that sup,{||z:|, ||} <
00. Thus we have

<z > () = Zastaseijbt
s,t

— Z aseas(1)be (7)€
= (B&In;)ei;-

Conversely, for given & = [£;(1),&,(2),...], m:i = [m:(1), m:(2),...] € £

and B = (8] € K(£?), we put a; = [§1(2), §2(2), - |, bi = [m(2), ma(3), . . -]
€ (>~ and a = [ay;| € K(¢?) where a;; = B;;. Then we have, for any
positive integer N,

llas,az, ..., an]ll, (b1, b2, - . ON]I| < sup{[I&ll, lmill} < oo

For an element

by
(€ N 0% 17 b
xn:[al as ... an] o @9 el 0>,
(075 IR Opn b
n



we have

Tpntk — Tp = |:a/1 N an+k] X
B 0 e O O[17n+1 e a1’n+k T
b1
0 - 0 :
X
Qpy11 - 0 Qpgilntl bn+k
_O[n—kk,l .« .. DR .o e DY an+k,n+k_

By the compactness of a and Proposition 1,
lim Hxn+k — .Tth =0
—00

for any positive integer k. Thus we have that the sequence {z,} con-
verges to x in (> ®j, (. O

Since ¢ is a C*-subalgebra of £°°, we can see ¢y @y, ¢y as a subspace
Of goo ®h goo'

Lemma 5. z € cy®y,¢p if and only if there exist &,m; € (2(i =1,2,...)
such that

1igﬂ ||fz|| = 11?1 ||Uz|| =0 and x;; = (& | 77]‘)-

Proof. By Proposition 2, for given € > 0 and = € ¢y ®j, ¢g, there ex-
ist [al,ag, .. ] € MLOO(C()), t[bl,bg, .. ] < Moo,l(c()) and [CYZ']'] S K(H)
satisfying |[|[a1, ag,... || ||I"[b1,b2,... ]|l < 1 and |[[ei]l] < [lz|n + €
such that x = Zf;.:l a;;a; ® bj. We put & = [a1(i), ag(i),...], ni =
[bl(Z), bg(l), .. ] and ﬂ = [ﬁm] where ﬁij = Q. Then we have
zij = (B&ln;)
and, by the fact a;, b; € ¢,
lim &;(j) = lim n;(j) = 0 for any j € N.
This means that {&}, {n;} C ¢? weakly converges to 0. We can choose
B1, Bo € K(£?) such that 3 = 3;3,. Then we have
lim [|516| = Tim [| 3| = 0

and

zij = (B&iIny) = (B1&il Bamj)-
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Conversely suppose that lim; . [|&]] = lim;—eo [|7:]] = 0. We may
assume that ||§]| < ¢ for all i € N. Then, for any € > 0, we can choose
a number /N such that

€]l < cforalli and ||& <eifi> N,
where

iy )&Gl) I <N
&) = {2&(]) otherwise -

Clearly we have lim; . ||&/|| = 0. Applying this argument to {&;}
repeatedly, we can choose 1 =n(0) < n(1) <n(2) <--- and {¢;} C ¢2
such that

Gl7) =2"6(5)  ifn(k) <j<n(k+1),
Gl < cforalli and |G|l < 27%if i > n(k).

We put a; = [¢1(7), (2(4), ... ], bi = [m1(4),m2(4), .. .] and
N =27% ifn(k) <i<n(k+1).
Then we have a;, b;, (\;) € ¢o, and
llax, az, . Il (b1, bz, - 1 < sup{ iG], [lmil]} < oo

Thus we have

x:Z)\iai@)biEcO@hCO.

i=1

Lemma 6. © € ¢y ®cp, ¢o if and only if there exist &.,m; € (*(i =
1,2,...) such that

lim¢; = limn; = 0 (weakly) and z;; = (& | ;).
Proof. By the fact ¢y ®ep co C £7° ®gp £°° and the proof of Lemma 3,
we can choose &, n; € (% (1 = 1,2,...) satisfying that
sup{[|& ||, lmill} < oo, @y = (&lny)

and

lim &(i) = lim n;(i)) =0 (i=1,2,...).
Jj—00

J—00

This means that {&;}, {n;} weakly converges to 0.
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Conversely, since &;,n; converges to 0 weakly, they are uniformly
bounded. As in the proof of Lemma 3, if we put a;(j) = (i) and

bi(j) = n;(i), then we have
a;, b; € ¢y, ||[(1,1,(l2,...]|| < 00, ||t[b1,b2,...]|| < 00
and =Y 0 a; ® b; € ¢g Rep, Co- ]

From the proof of the previous lemmas, we have another representa-
tions of norms for the (extended) Haagerup tensor product on ¢y ® cqo
and (*° @ (°°.

Remark 7. (1) For z € (> ®,, (>,
| llen, = inf{sup [|Gll{Inll | 255 = (&ilmy), &, my € €}
ij

(2) For x € £>° @, (=,
llln = inf{sup (|G 181 | @i = (B&ilny), &, m; € €, 8 € K(€)}.
ij

(3) For x € ¢y Rep, o,
[2]len = inf{sup [|&]l[[nl] | 255 = (&ilny), & mj € 2,6 — 0,m; — 0 weakly}.
ij

(4) For z € ¢y ®p, o,
2l = inf{sup &l ln]| | 25 = (&lny), &, m; € €%,& — 0,m; — O strongly}.
ij

Theorem 8. (1) (co®pco) NB = (£°° @, () N B.
(2) (co ®en co) NB = (£ ®ep £°) N B.

Proof. (1) Tt is clear that (co ®, o) NB C (£ ®, £°) N B.
Let € ({*° @, (*°) N B. By Lemma 4, there exist 3 € K(¢?), &,
n; € 02 (i =1,2,...) such that

sup{[[&ill, [mill} < oo and ;= (5&i[1;).

We choose 31, B2 € K(¢?) such that 3 = (35, that is,
Tij = (ﬁ1§i|ﬁ277j)7
and we may assume that
Range(0;) C span{fsn; | j € N},

and Range(f32) C span{(:§; | j € N}.
10




It is sufficient to show that
1ign 316l = 1ign [|Bamil| = 0.
Assume that
limisup 161l > 0.
Then there exist 6 > 0 and a subsequence {n(k)} such that ||31&,w)| >

dfor k=1,2,.... Since sup ||| < oo, we may also assume that {£,x)}
weakly converges to some &, € /2. By the compactness of 3;, we have

h{H 181€ngky — Bréoll = 0.
Thus it turns out 5;&y # 0. We can choose jy such that

(810l B2mje) # 0.
Then there exists K € N such that

—| (ﬁl§0|25277j0)| for k > K.

[ Znk)gol = [(Binr)|Banjo)| >

This contradicts to [z] = [z;;] € B(¢?).
(2) For € (£ ®¢, £>°) N B, that is, [z] € B(¢?), we can choose
a = [&;] and B = [n;;] in B(¢?) such that
[«] = af and ||al| = [|8]| = [I[«]|"*.

Remarking the fact
Lij = Z&knkj,
k

we define
a; = [Sliagﬁa"']a bl = [m7%7] 662 C Co
for all 7. Then we have
||[a1,a2,...]||, ||t[b1’b27"']|| < ||[$]||1/2 <0
and © =Y. a; ® b; € ¢y Qep, Co. O

Corollary 9. Let x € [ ®.p, £*° and
limksup \xi(k)yj(k)\ >0

for some injection N 3 k — (i(k),j(k)) € Nx N. Then x does not
belong to cy ®p cp.
Moreover, if x satisfies an additional condition [x] € B(¢?), then x

does not belong to (>° &, (.
11



Example 10. (1) Let = = Zj’}:l(%)mtei ® e; € L ®p £, where
) J

A;’s are positive real and ¢ is real. Then we have
MVt (AL\v—1t
(VT (V!

[2] = [(32)V7 ()Y | ¢ B,
vy = (YT = (] 0 0o 1o P

and |x;;] = 1. This means ¢ ({*° ®¢, () N B, x ¢ ¢y Qep co (by
Lemma 6) and z € (* ®;, {>° (by Lemma 4).
(2) Let . = 77 | e ® ex € ¢y Qe Co. Since
10
b= |01 ] ere)

then we have x ¢ (°° ®;, (> (by Corollary 9).
(3) (£° ®ep () NK & (£° @), () N B.
By Lemma 4, it is clear that ({*° ®., () NK C ({* ®;, () N B.
We consider the following infinite dimensional matrix:

1

[Nl e NI
N[O [

W W=
LI | |
O [ |~

Since p is an infinite dimensional projection, p does not belong to K(¢?).
If we put

& =11,0,0,0,...]

12



and &, =n, (n=1,2,...), then &,, n, € ¢? satisfy
lim (|| = Tim [J7, | = 0 and p = [(&[n;)].
This means that
(6% @0 %) N B) N (6% @ %) NK)F £

(4)Leta=b=[,2,...,95=...] €co. Thenz =a®b € ¢y @ o
and

¢ B(0%).

By the above argument, we can get the following diagram of inclu-
sions:
(CO ®h CO) N K ; (CO ®h Co) N B ; (CO ®eh CO) N B

[ I I
(L*° @ () NK G ((®@pl*)NB & ({®° Qe °)NB

=
+N AN
Co ®p Co ; €o Qen Co
HN AN
goo ®h goo ; ‘goo ®eh goo

3. X®,Y AND X ®., Y

Let X be an operator space. We call X right-compact (resp. left-
compact) if M ;(X) = M, ;(X)K(¢*(I)) (resp. M;;(X) = K(¢*(I))
My 1(X)). If X is right-compact, then, for any a = [a;];er € My ;(X),
there exist b = [b;]ic; € My (X) and o = [ay]ijer € K(€3(I)) such
that

a = bo (aj = sza”)
icl
We also call X weakly right-compact (resp. weakly left-compact) if we
have, for any a = [a;] € My (X) (resp. a = [a;] € M1(X)), that
{i € I'| a; # 0} is countable and lim;_,, ||a;|| = 0.

Lemma 11. If X is a right-compact (resp. left-compact) operator
space, then X is weakly right-compact (resp. weakly left-compact).
13



Proof. Since o = [ay;];jer € K(€*(I)), we have that {(i,7) € I x I |
a;; # 0} is countable and lim;_, |a;;] = 0. For b = [bi]ier € My ;(X),
{b; | i € I} isbounded. So we have for any a = ba, that {i € I | a; # 0}
is countable and lim; . ||a;|| = 0. O

As a typical example of right-compact operator spaces, we can get
the following:

Lemma 12. Let X be an operator space on a Hilbert space 'H. If
X C pB(H) for some finite-dimensional projection p € B(H), then X
15 Tight-compact.

In particular, any finite-dimensional C*-algebra is left- and right-
compact.

Proof. We assume that dimpH = n < co. Let a = [a;)ie; € My (X)),

ie.,
| Zaia’;ﬂ < 0.

i€l
We can consider a;a; as an element of M,,(C), so we put a;a; = (aj;,)
(j,k=1,2,... ,n). By the positivity of a;a}, we have

0 < sup Zaﬂ < HZaa I|.

1<j<n =
This implies that
Io={i€eI|a >0 for some j}
is countable. Remarking the fact
lasal < v sup oy,
1<j<n

we have

HZam | <Zuaza [ fzza < 0.

j=1 el

We can choose a sequence of positive numbers \; such that

Ai >0, A — 0 (i — 00), ||Z aa||<oo

l

Then we have
Q;
[y]ie] [04;\i)ijer € M (X)K(£3(1)),

a = [ai]iel =

14



where 6;; means Kronecker’s symbol. O

Lemma 13. Let {a;}32, be a sequence of bounded operators on a Hilbert
space H with || Y2, aaf|| < oco. Suppose that there exist sequences
{w;i 2, {&}52, of unit vectors in 'H such that

|(a;u; &) > 1 forieN.
Then, for any € > 0, there exists a number iy such that
{i € N | [(aiuil&)] < e}
1S infinite.

Proof. Let € > 0. Suppose that {j € N| |(a;u;|¢;)| < €} is finite for all
¢ € N. If we omit the finite set

{t € N|[(auil&:)] < e},
we may assume that

[(aru]&1)| > 1,
(azuz|€2)| > 1, [(a1uz|é2)| > €.
If we omit again the finite set
{i e N|i>2 |(aw;|&)| < e},
we may assume that

[(a1us|3)] > &, |(aguslés)] > €.

Using this argument repeatedly, we may assume that, for any n,

[(a1unln)| > €, |(a2un|&n)| > &, .. s [(an—1ualén)| > €.

Then we have

n—1 n—1
(n =1 <> (aunln)* < llunl* [l
i=1 i=1

n—1 n—1
<D (@a&ilén) < 1Y gl
=1 i=1

This contradicts to the assumption || > a;af|| < co. Therefore we
can get a number 7y required in the statement. 0]
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Lemma 14. Let X be an operator space on a Hilbert space H. If X
is not weakly right-compact, then there exist a sequence {a;} of X,
sequences {u;}, {&} of unit vectors in H and some constant K such
that

[e.e]
1| Zaia;‘H < 00.

=1
< il < .

(1)

(2)

(3) 3 < |(aiuil&)] T K.

(4) |(aru;l&;)] < wox Jork# .

3
3

Proof. Since X is not weakly left-compact, we can choose a sequence
{a;} of X such that

o0
1D awai]| < oo
i=1

and {||a;||} is not convergent to 0. Then we may assume that 3 <
||la;|] < K for any i and some constant K. We choose sequences {u;},
{&} of unit vectors in H satisfying

|(azul\§l)| >3 for all i € N.

Using Lemma 13, we can choose a subsequence {n(k)}?2, such that
1 :
[(@ngryn() &nip)l < 5oz for k< j.
If we replace {an)} with {a;}, then we can get the conditions (1)—(3)
and (4) for k < j.
We consider a sequence {a;, u;, &} of triplets. By the calculation

> lawlén))? <D llargll® = O aaigiley)
=1 =1 i=1

00
<1 aiai]| < oo,
=1

we have
lim |(azu;|¢;)] =0 for any j.
Choosing a subsequence of {a;,u;,&;}, we may assume that

1 .
(akyyl&))] < 5o for k>

Thus we can get the conditions (1)—(4). O
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Lemma 15. Let a > > 0. If sequences {ax}, {br} of vectors in C™
satisfy the following conditions:

|(ak|be)| > a and |(ak|be)| < B for k # ¢,
then
sup{|ar(d)|, [bx())| |i=1,... ,m, k=1,2,...} = oc.

Proof. We assume that sup{|ax(i), |bx(i)| |i=1,...,n, k=1,2,...}
is finite. By the compactness, we can choose a pair of convergent
subsequences {an(k)}, {bn(k)}- Then we have

lim [ (ange) [bae1))| = T [ (@ngey bag )| = a
But this contradicts to

lim sup [(@n (k) [brer))| < B

Theorem 16. Let X and Y be operator spaces. Then we have
(1) X®@rY =X ® Y if X is right-compact or'Y is left-compact.

(2) X is weakly right-compact orY is weakly left-compact if X Y =
X Qe Y.

Proof. (1) We assume that X is right-compact. For any s € X ®.,, Y,
there exist a = [a;] € My (X)) and b = '[b;] € M;;1(Y) such that

s:a®b:2ai®bi.
iel
By the assumption, there exist ¢ € M; ;(X) and o € K(¢*(I)) such
that @ = ca. So we have

s=a®®b=ca®be X ®,Y.

This means that X ®;, Y = X ®., Y. When Y is left-compact, we can
also have X ®;, Y = X ®, Y by the same argument.

(2) Let X (resp. Y) be an operator space on H (resp. K). We
assume that X is not weakly right-compact and Y is not weakly left-
compact. By Lemma 14, we can choose a sequence {a;} of X (resp. a
sequence {b;} of Y), sequences {u;}, {&;} of unit vectors in H (resp. se-

quences {v; }, {n;} of unit vectors in ) and some constant K satisfying
17



that

o0 oo
1D aiaf|l < oo, || Y bibill < oo,
=1 1=1

3 < asl, [|b:]] < K,
3 < |(aiwi|&)], [(bims|vi)| < K

and

1 .
[(arw[&5)], (s lvj)| < = for k # .

We define s € X ®., Y, pr € X* and ¢, € Y™ as follows:

s=Y_a; @b, @i() = (urlée), Ye() = (melvp).
i=1
Then we have

[5(om W)l = [ Y n(ai)in(bs)l
i=1

Z aiug|Er) (bime|vr) |
> | (axur|€r) (bxmilvoe)| =D Hasuxl€e) (i vr)|

i#k
=1

_ZKQ > 8
=1

and, for j # k |

s(pj, Yr)| = | Z ©;(ai)r(bi)

o0

=1 > (awu;|&)(bink|vr)]

=1

.

NE

< > an]&;) (bimk|vr)|

-
Il

_ =

IA

K2z



Suppose that X ®., Y = X ®, Y, then s belongs to X ®;, Y. We can
choose

t:in@QyieX@hY and ||s —t]|, < 1.

=1
Since [l = [Jok]| = 1,
IS(SOJ;wk) - t<90_77’l/}k)| < 17
that is,

m

[s(0s,0) = Y i) vn(y)| < 1.

=1

Then we have

> eon@)vn(ys)] > 7
i=1
and, for j # k,
1Y i) en(ys)] < 4.
i=1
This contradicts to the boundedness of {|pg(x)|, [Yr(y:)| | 1 < i <
m, k € N} by Lemma 15. We are done. O

Remark 17. The row Hilbert space H, is right-compact and is not
weakly left-compact and the column Hilbert space H, is left-compact
and is not weakly right-compact. Then it is clear that

Hr n Hc = Hr Ren Hca Hc Qn Hr 7é Hc Reh Hr
(c.£[5]).

Corollary 18. Let A and B be C*-algebras. Then the following as-
sertions are equivalent:

(1) A®p,B=A®e B,

(2) A or B is finite dimensional.

Proof. We have already shown that every finite-dimensinal C*-algebra
is right-compact and left-compact in Lemma 12. It is sufficient to
show that every infinite-dimensional C*-algebra is neither weakly right-

compact nor weakly left-compact.
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Suppose that A is infinite dimensional. Since the maximal abelian
*_subalgebras in A is infinite dimensional, there exist self-adjoint ele-
ments {a,} C A such that ||a,|| = 1 and a;a; = 0 if i # j. Then we
have

o0 o0 oo
1> afll =11 aail =) ajai]| < oo
i=1 i=1 i=1

and {||a;|| } does not converge to 0. This means that A is neither weakly

right-compact nor weakly left-compact. O
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